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Abstract

A new class of network design problems were introduced by Fingerhut et al. [26], and inde-
pendently by Duffield et al. [20], to address, among other things, the issue of uncertainty in the
demand matrix. The so-called hose model (the term was coined in [20]) for demand matrices
from [26, 20] was subsequently generalized to the polyhedral model by Ben-Ameur and Kerivin
[11, 10]. In a different direction, Récke [52] showed the existence of good randomized oblivious
routings in all undirected graphs. This was followed by a proof of the polynomial time solvability
of an optimal oblivious routing scheme [7].

One can view the above developments in a common framework of robust optimization. We
give a survey of these developments and related work with the aim of providing a unified picture.
We also highlight the remaining open problems.

1 Introduction

Many traditional routing and network design problems in combinatorial optimization model traffic
demands as inputs with the assumption that they are known in advance. In many practical settings
this assumption is not accurate, nevertheless it is made for simplicity, convenience, and tractability.
Moreover, estimating and modeling real world traffic is a difficult task. In recent years some new
approaches to modeling and designing for traffic variations have been attempted. The impetus for
this line of work came from Fingerhut et al. [26] who were interested in ATM broadband networks
and from Duffield et al. [20] who were interested in virtual private networks (VPNs). In both works,
the uncertainty in the demand matrix was the main driver in the introduction of the hose model
[20] for traffic demands. This led to some interesting new network design problems and a simple
and as yet unresolved conjecture to be discussed later. Several variants and generalizations have
been proposed in the literature which we loosely characterize as robust network design. The goal
is to design a network that can support not just one given traffic demand matrix but a class of
different demand matrices. In a different direction, Récke, in a breakthrough paper [52], proved
the existence of poly-logarithmic competitive randomized oblivious routing schemes in undirected
graphs. Oblivious routing can be viewed as providing a robust routing solution for a class of demand
matrices - we make this precise later.

Robust network design and oblivious routing address different objective functions; in network
design the goal is to minimize the cost of the network and in oblivious routing the goal is to
minimize congestion. Nevertheless, they share certain features; both have to consider a class of
traffic demands and models for them. The three questions that are of interest are:
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e What classes of demand matrices are interesting and useful and can be specified in a compu-
tationally sound way?

e What are the constraints on routing?
e What is the objective function?

In this article we survey the known results on the relevant optimization problems with a focus on
their worst case complexity and approximability - we do not attempt to survey the computational
and modeling aspects of these problems. We refer the interested reader to [10, 24, 3] for some more
pointers. In particular, we emphasize the polyhedral approach to the problems which allows one to
make connections between some results for robust network design and oblivious routing. We also
highlight a few interesting open problems.

1.1 Notation

We assume that the reader is familiar with basic concepts of flows in networks including multi-
commodity flows (see [1, 54] for the relevant background). Let G = (V, E)) be a graph that represents
a network. Unless mentioned explicitly we assume that G is undirected. For an edge e € E, c(e)
and u(e) denote the cost and capacity of edge e and are assumed to be non-negative. Throughout
we use n to denote |V|. A demand matrix D for a graph G is a non-negative n x n matrix. D(i,j)
represents the traffic demand from node i to j. Note that D(i,j) and D(j,7) represent two separate
commodities in terms of flow. In some settings it is more natural to have a single commodity for
each unordered pair of nodes; note that this is relevant only for undirected graphs. In that case
we say that G and D are a symmetric instance and use the notation D(ij) for the single demand
for the unordered pair ij. The general cases is referred to as the asymmetric case. We caution the
reader that even if D(i,j) = D(j,4) the instance can be asymmetric, thus the term is not referring
to the matrix itself. We adopt this convention to be consistent with some previous work [26, 33].
In [18] a different notation (oriented and unoriented) is used to distinguish between the symmetric
and asymmetric cases.

Given a capacitated graph G and a demand matrix D we say that D is fractionally routable
in G if there is a feasible multi-commodity flow in G for D. D is unsplittably routed if there is a
feasible multi-commodity flow for D in G in which all the flow for each commodity (4, 7) is routed on
a single path. In the symmetric setting the commodities are the unordered pairs i7, 1 <7 < j < n.

A demand matrix D may not be (fractionally) routable in a graph G; we say that D is routable
in G with congestion A > 1 if D has a feasible routing in GG with each edge capacity increased by a
multiplicative factor of \.

We use D to denote a set of demands matrices, either discrete or continuous.

2 Demand Matrices, Routing Constraints, and Problems

2.1 Models for Demand Matrices

In this section we discuss some models for specifying D, the set of demand matrices that one wants
the network to be able to support. Three models of interest are:

e the discrete model: D = {Dy, D,,..., Dy} is a finite collection of demand matrices.
e the hose model and variants.

e the polyhedral or convex model.



The discrete model does not require much explanation. It is not clear how useful this model is
in terms of modeling robustness. The matrices in D might not exhibit any smoothness properties
which might make certain optimization problems trivially hard. On the other hand certain problems
become easier with a discrete set and one may be able to approximate a continuous set with a
sufficiently large discrete set.

The hose model(s): This model was introduced in [26, 20]; the name was coined in [20]. This
model is motivated and inspired by current data networks in which users and corporations have a
fixed capacity connection to the Internet. These capacity upper bounds are sometimes the result of
the physical limitations of the devices (say a modem line or an Ethernet connection) or the result
of a negotiated purchase from a service provider (as is common for corporations). Thus, in this
setting, each node i € V' has a bound b(i) on the total traffic that can terminate at i. Given only
this information it is natural to consider D to be the set of all demand matrices D which respect
the bound constraints at each node .
In the symmetric setting in undirected graphs D € D iff

> D(ij) <b(i) VieV.
J#i

In the asymmetric setting there are separate bounds on the capacities of the incoming and
outgoing for each node ¢. This is also relevant in practice where the upload and download capacities
may be different. That is, for each user ¢ there are two bounds b;, (i) and by (i) and D € D iff

> D(i,§) < bouwr(i) and > D(j,i) <bin(i) Vi€V
J#i J#i

Polyhedral model: We observe that the hose model imposes some simple linear constraints on
the entries of the demand matrices in D. Thus, a natural and powerful model to specify D is via
linear constraints on the n? variables D(i,j), 1 < i, < n.! Let P(D) be a polyhedron in the non-
negative orthant on the variables D(, j). The polyhedron P(D) could be described via an explicit
system of linear inequalities in which case the size of this system is part of the input. Alternatively
one could assume that P(D) is available via a separation oracle. Recall that a separation oracle
for a polyhedron P in R? is an algorithm that when given a point 2 € R? does the following: if
x € P it says yes and if x ¢ P the algorithm returns a hyperplane that separates x from P. By the
equivalence of separation and optimization for linear programs [29], one could use the separation
oracle to optimize any given linear function over P(D); we see useful applications of this later in the
article. We could further generalize the model to include convex bodies equipped with a separation
oracle. We say that D is polyhedral if there is a polyhedron P(D) such that D € D iff D € P(D).
The polyhedral model for traffic demands was introduced by Ben-Ameur and Kerivin [11, 10].

We remark that if D1 and D are polyhedral then so is D1 N Dy. We describe a few interesting
and useful classes of demand matrices that are polyhedral.

Example 1. The hose model in the symmetric setting allows all demand matrices D such that

> D(ij) <b(i) VieV.
i

'We could omit the uninteresting variables D(i,3), 1 < i < n but we keep them for simplicity of notation. For
symmetric demands we could restrict attention to m(n — 1)/2 variables D(ij), 1 < i < 7 < n but we avoid these
details.



Thus, for a pair ij there exists a D € D where D(ij) = min{b(i),b(j)}. However in many practical
settings D(ij) may be much less than this because b(i) and b(j) are usually larger to accommodate
communication with many different entities. Thus a natural set of constraints to add is

D(ij) < B(ij)  Vij
where B is a matrix of upper bounds. Similarly one can add lower bounds if there is information

available.

Example 2. Let D* be a specific traffic matrix that is obtained from some estimates with poten-
tially some errors. One could then consider the class D of matrices that are close to D* in either a
relative or additive sense.

D={D[(1-€)D"(i,j) < D(i,j) < (1 +€)D(i,j),1 <i <j<n}
for some € < 1 or
D = {D | min{0, D*(i, j) — d} < D(i,j) < D*(i,j) +d, 1 <i < j < n}
for some d > 0. These and other variants are clearly expressible in the polyhedral model.
Example 3. Let G be a capacitated graph with edge capacities u : E — R™. Let
D, ={D > 0| D is fractionally routable in G}.
The following is a simple exercise.

Proposition 2.1 D, is polyhedral and has an explicit representation of size polynomial in n.

Single-Source Model: We say that D is a single-source model if there exists a node s € V such
that for all D € D, D(i,j) =01if i # s.

2.2 Routing Models

In routing and network design problems one may have constraints on how the flow for various
commodities is constrained. We already mentioned fractional and unsplittable routings for a given
demand matrix D in G. Here we are interested in handling multiple demand matrices D. The
question is how the routings for different demand matrices in D are jointly constrained. Below
we discuss several possibilities that are either natural or motivated by applications. The notation
below is borrowed from [38].

e (FR) For every D € D a different fractional routing is allowed.
e (UFR) For each D € D a different unsplittable routing is allowed.

e (SPR) Single path or fixed unsplittable routing. For each pair (i, j) a fixed path P(i,7) (or a
path P(ij) in the symmetric case) is used for all D € D.

e (MPR) Proportional routing along multiple paths. For each pair (i,7) a template fractional
flow of one unit between (4, j) is fixed. In other words, there are paths Py (i, 7), P2(4,7), - .., Pr(i,7)
and associated non-negative numbers fi (i, j), f2(i,4), ..., fn(i,j) such that 22:1 fre(iyg) = 1.
Alternatively, these numbers can be interpreted as probability distribution on paths between
i and j. For any D € D the routing of D for (i,j) is split according to f(i,7), that is,
D(i,j)fr(i,7) flow is sent along the path in P,.(i, 7).



e (TR) Tree routing. This applies only to undirected graphs and is a further specialization of
single-path routing. The union of the fixed paths P(i,7) induce a tree. Although this model
is more natural for the symmetric case, it does apply to the asymmetric case as well but it
then constraints P(i,j) to be the same as P(j,1).

e (TTR) Terminal tree routing. This is also a specialization of SPR routing. For each i € V,
the union of the paths P(i,7), j € V induce a tree rooted at i.

We use the term dynamic to refer to routings that can change with D (FR, UFR) while the
other ones are static (SPR, TR, TTR) or stable (MPR).

2.3 Optimization Problems

We now describe the broad classes of optimization problems that arise from the models for demand
matrices and routing.

Cost models for network design: In network design the high level goal is to install capacity in
a network to enable the routing of demands. The easiest problems arise when the cost of installing a
capacity of z(e) units on a link e is a simple linear function c(e)x(e). Another important model that
arises often in applications, due to discrete capacity constraints and economies of scale, is the buy-
at-bulk or concave cost model. Here, for each each e there is a real valued function f. : RT — R™
which specifies the cost fe(z) to install a capacity of z units on link e. To model economies of
scale we assume that fe is concave, or more generally sub-additive (f(z +y) < f(z) + f(y)). If
for all e, fo = c(e)f for some sub-additive function f we obtain the so-called uniform model, the
general case is referred to as the non-uniform case. There are several interesting functions that
span the spectrum from the simplest linear costs to the most general buy-at-bulk costs and we will
not discuss these in detail here. Assuming we have a cost model one obtains the following general
problem.

Robust Network Design Problem: Given a graph G, a set of demand matrices D, a routing
model, and a cost model, find a minimum cost installation of edge capacities in G to support a
feasible routing of all demand matrices D € D subject to the routing model constraints.

The VPN Design problem is a special case of the above question where D is obtained from
one of the hose models and the costs are linear. Further the emphasis is on the SPR and more
restricted models such as TTR and TR although other routing models are also considered. The
hose model has attracted substantial attention for both its simplicity and intuitive appeal and we
treat it separately in Section 4. We treat the general robust network design question in Section 3.

The second optimization problem that we consider has a different objective function, specifically,
to minimize congestion.

Oblivious Routing to Minimize Congestion: Given a graph G = (V,E) with capacities
u:E — R*', a demand class D C D, and a static or stable routing model, find the minimum
congestion \* such that all D € D can be routed in G with congestion at most A* according to the
routing model constraints.

Two comments on the above problem definition are in order. First, we observe that oblivious
routing is not meaningful for dynamic routing models, for, in those models, each D € D can be
treated separately. Thus the only routing models of interest are the static or stable ones. Strong
lower bounds exist for the static unsplittable model and thus the main focus will be on the MPR
model. Second, we restrict attention to D C D, in order to use an absolute congestion bound
instead of a relative congestion bound. Given an arbitrary demand class D consider a new demand



class D’ obtained as follows. For D € D let 8p = 1 if D € D,, and otherwise let 3p be the largest
real number in [0, 1] such that SpD € D,. Define D' = {SpD | D € D}. An oblivious routing for
D’ with absolute congestion bound X achieves the same bound for D in the relative sense.

We note that for the above two problems to be computationally well defined, the demand class
D can be specified in an appropriate way. If D is a discrete set then it is given explicitly and
becomes part of the input size. For polyhedral D, a separation oracle can be given, or P(D) can be
explicitly specified as a system of linear inequalities in which case the size of the system becomes
part of the input size.

3 Robust Network Design with Polyhedron of Demand Matrices

In this section we survey results for the robust network design problem in its full generality. Most
of the work in the robust network design area has focused on linear costs and we discuss it first
before mentioning some simple results that can be obtained for buy-at-bulk costs.

Given a set of demand matrices D, let U (D) denote the set of capacity reservations in G that
are feasible for D. In other words, if u € U(D) then the graph G with edge capacities given by u
admits a feasible multi-commodity flow for each D € D.

Proposition 3.1 For any D, U(D) is convex for both the FR and MPR models of routing.

In addition to the graph G and the set of demand matrices D, the input to the robust network
design problem consists of non-negative edge costs ¢ : E — R*. Note that for any fixed demand
matrix D the network design problem is trivial. Simply route each commodity (i, j) along a shortest
path from i to j according to edge lengths given by ¢. Thus the routing is unsplittable. The capacity
installed on e is simply the total demand routed on e by the shortest path routing.

Consider the FR and MPR models. The optimization problem we need to solve is easy to state
with the notation in place.

minc-u
subject to
u € U(D).

This specific problem was first formulated in [10]. Since U(D) is convex, to solve the above
problem it is necessary and sufficient to have a separation oracle for U(D). As we remarked earlier,
this follows from the equivalence of separation and optimization [29].

We observe that if D is a discrete set then one can write an explicit large formulation for U (D)
(left as an exercise to the reader) and hence the optimization problem can be solved in polynomial
time. Now we consider the polyhedral and hose models and ask whether the separation problem
can be solved in polynomial time.

Theorem 3.2 ([18]) The separation problem for U(D) is co-NP hard for the single-source hose
model in the FR model of routing even in undirected graphs and hence the robust network design
problem with linear costs in the FR model is co-NP hard.

One of the difficulties in proving the above theorem is the fact that the routing is allowed to be
fractional and varies with the demand matrix. Therefore it helps to restrict attention to the single-
source case where one can work with cuts instead of flows; here we rely on the maxflow-mincut
theorem for single-commodity flows.



The reduction in [18] shows that if the graph expansion problem is co-NP hard to approximate
to within a factor of o > 1 then the robust network design problem is hard to approximate to
within a factor of 2a/(1 + «). It was erroneously claimed in [18] that a super-constant hardness
was shown for expansion assuming the unique-games conjecture [42]; the hardness was shown only
for the non-uniform sparsest cut problem [|. Although there is no known hardness of approximation
for the problem of computing the expansion of a given graph, the current best approximation ratio
is O(vlogn) [6].

In contrast to the hardness for the FR model of routing, there is a polynomial time algorithm for
the robust network design problem in the MPR model. Erlebach and Riiegg [24], and independently
Hurkens et al. [38], obtained a polynomial time algorithm for demand matrices in the hose model.
The fact that a separation oracle exists for any P(D) follows indirectly from the work on oblivious
routing [7, 5] and we discuss this in more detail in Section 5. The following theorem is explicitly
pointed out in [10].

Theorem 3.3 ([10]) The separation problem for U(D) is polynomial time solvable in the MPR
model even in directed graphs when P(D) has a separation oracle. Thus in the MPR model there
1 a polynomial time algorithm for robust network design with polyhedral demands.

We observe that a compact formulation also exists if P(D) is given explicitly by a polynomial
number of constraints. This also follows from the work on oblivious routing that will be discussed
in Section 5.

In [24] it is observed that additional constraints on the capacities can be also taken into account;
in particular, they consider upper bounds on the capacity reservation on the edges. To see why
these additional constraints are easy to handle, consider the more general optimization problem
given below.

minc-u
subject to
u € U(D)
u € P,

where P, is some arbitrary polyhedron that constrains u. To solve the above problem it is
necessary and sufficient to have separation oracles for U (D) and P,. Clearly, upper bounds on u
can be easily handled as simple linear constraints.

Now we consider the unsplittable routing models.

Theorem 3.4 ([33]) The robust network design problem is NP-hard in the unsplittable routing
model (both static and dynamic) with linear costs even for the single source hose model. Moreover
the single-source problem is at least as hard to approrimate as the Steiner tree problem.

The above theorem follows from a reduction from the Steiner tree problem [33]. Given a rooted
Steiner tree problem instance G = (V, E) with root r and terminals S C V', we construct an instance
of a single-source robust network design problem. The graph and the edge costs remain the same.
We set up D with b(r) =1, b(i) = 1 for each i € S, and b(j) =0 for j € V — (SU{r}). Consider a
demand matrix D® with D*(ri) = 1 and D(rj) = 0,j # i. Since D' € D for each i, we see that the
path P(7i) needs to have a capacity reservation of at least one unit on all its edges. Thus the path
collection {P(ri) | i € S} induces a Steiner tree in G. Moreover it is easy to see that a Steiner tree
with unit capacity is sufficient to support D. Thus a minimum cost capacity reservation for D is
equivalent to a minimum cost Steiner tree for S.



We remark that the above reduction can be easily generalized to show that the robust network
design problem in the SPR model is at least as hard as the Steiner forest problem — note that this
reduction requires us to use the polyhedral model. In directed graphs the Steiner forest problem is
hard to approximate to within almost polynomial factors [19] and hence the main interest is in the
undirected case.

What can we say about approximation algorithms for the above problems? Gupta [31] observed
the following. Note that the approximation holds for all routing models.

Theorem 3.5 ([31]) There is an O(logn) approzimation for the robust network design problem
in undirected graphs with linear costs for polyhedral demands in all routing models. Moreover the
cost of an optimal solution in the SPR model is O(logn) times the cost of an optimal solution in
the FR model.

We give a sketch of the proof of the above theorem. First we make a simple observation.

Proposition 3.6 For the robust network design problem in undirected graphs with linear or uni-
form buy-at-bulk costs, we can assume without loss of generality that G = (V, E) is a complete
graph and that c satisfies the triangle inequality and hence induces a metric on V.

We reduce the problem to instances in which the input graph is a tree. This is accomplished,
in by now, standard way. The finite metric induced on V' by ¢ (from Proposition 3.6) can be
probabilistically approximated by a dominating tree metric on V' [8]. Using [25], the increase in
the cost is, in expectation, an O(logn) multiplicative factor. Thus it suffices to solve the problem
on a tree. Observe that routing on a tree is unsplittable and static. If G is a tree then what is the
capacity u(e) that needs to be installed on an edge e € E7 Let Vj(e) and Vi(e) be the partition of
the vertex set obtained by removing e from T'. In the symmetric setting, we claim that

u(e) =max Y D(ij)
1€Vi(e),jeVa(e)

is necessary and sufficient (a similar bound can be derived for the asymmetric setting). Necessity
is clear. For sufficiency, consider an arbitrary D € D; note that the routing is fixed on a tree
and the total flow on an edge e € Eis D(e) = 3_cv; (e) jevy(e) P (i) From the definition of u(e),
D(e) < u(e) for all e € E. Therefore all D € D can be routed with capacities given by u. Thus
it remains to show how the u(e) can be computed. We observe that u(e) is the maximum of a
linear objective function over the polytope P(D) and hence a separation oracle for P(D) implies a
polynomial time algorithm to solve for u(e). The algorithm can be derandomized — see [13, 25].

Open Problems: The main open problems are to resolve the approximability of the robust
network design with linear costs. The VPN problem is a special case for which constant factor
approximations are known and we discuss this in more detail in Section 4.

e Is there an O(1) approximation for the robust network design problem for polyhedral de-
mands in the FR model? Is the problem APX-hard in undirected graphs? Is there an O(1)
approximation for the single-source polyhedral demands case? Does the problem admit a
non-trivial approximation in directed graphs?

e Is there an O(1) approximation for the robust network design problem in the SPR model.



Buy-at-bulk Costs: For buy-at-bulk costs, the basic network design problem is NP-hard even
with a single demand matrix; the current best inapproximability results are due to Andrews [4].
He showed that the uniform cost problem is Q(log'/*~¢n) hard and the non-uniform problem is
Q(log'/?~¢n) hard under the assumption that NP ¢ ZPTIME(nP°¥1°2()  Nevertheless, the
simple technique of reducing the problem to a tree gives an O(logn) approximation even for the
robust network design problem with uniform buy-at-bulk costs. The proof is essentially the same
as the one for linear costs.

Theorem 3.7 ([31]) There is an O(logn) approzimation for the robust network design problem
in undirected graphs with uniform buy-at-bulk costs for polyhedral demands in all routing models.

Open Problem: Is there a poly-logarithmic approximation for the non-uniform buy-at-bulk cost
model?

The problem is open for all demand models and routing models. Some recent work on the
non-uniform buy-at-bulk problem for a single demand matrix [14, 15] may provide some tools to
study these problems. We believe that a poly-logarithmic approximation can be obtained for the
special case of the hose model. Details will appear elsewhere.

4 VPN Design

In this section we focus on the VPN problem which is a special case of the robust network design
problem where D is one of the hose models and costs are linear. Further we restrict attention
to undirected graphs. The VPN problem has attracted substantial attention in the networking,
algorithms and mathematical programming communities after the introduction of the hose model
n [20]. We note that some of the same problems and algorithms for them were studied earlier in
[26]. The work of Gupta et al. [33] brought the mathematical models and algorithmic problems
to a wider audience; a simple but interesting result (see Theorem 4.1), first shown in [26], was
rediscovered in [33].

We treat the symmetric (each node i has a single bound b(7)) and asymmetric (each node ¢
has separate bounds b;y,(7) and byt (7)) cases separately. We remark that in most of the literature
it is assumed that b(i) > 0 for a subset of nodes W C V and the nodes in W are referred to as
terminals. We simplify the discussion by not distinguishing the terminals from the other nodes.

4.1 Symmetric Case

The input to a symmetric VPN problem consists of an undirected graph G = (V, E) with edge costs
c: E— R* and bounds b(i) > 0, i € V. Each routing model gives rise to a different problem. For
a given instance, let OPT(R) denote the optimum solution value with R being the constraint on
the routing model. (Notation borrowed from [38]). It is easy to see the following set of inequalities
since the routing constraints get stricter from left to right:

OPT(FR) < OPT(MPR) < OPT(SPR) < OPT(TTR) < OPT(TR).

With the above notation it is relatively easy to summarize the known results and state the
main open problems. We mention results for computing the various quantities above — however,
an algorithm that computes or approximates one of the quantities also yields a witness to the value.

Theorem 4.1 ([26, 33]) There is a polynomial time algorithm to compute OPT(TR). Moreover
OPT(TTR) = OPT(TR) < 2(1 — 1/n)OPT(FR) < 2(1 — 1/n)OPT(SPR).



The above theorem therefore yields a 2-approximation to OPT(SPR). The algorithm in [26, 33]
for OPT(TR) is the following. First, consider an arbitrary spanning tree 7" as a solution for the
given instance of tree reservation. The capacity reservation on the edges of T, and hence the cost
of the reservation ¢(7'), can be computed as follows. For e € E(T) let V; and V5 be the nodes of
the two sub-trees obtained from T'— e. Then u(e) = min{b(V7),b(V2)} is necessary and sufficient.
For i € V, let T; be a shortest path tree from ¢ with edge lengths given by c¢. Output the tree with
the least cost among T;, i € V. It is shown in [33] that this gives a solution of cost OPT(TR).
From Proposition 3.6, we can assume without loss of generality that each T; is a star rooted at i.
Therefore this routing is also referred to as hub routing since all paths in T; go through the hub q.
Hub routing is useful in some applications (see [51] and references therein).

We give the simple proof that OPT(TR) < 20PT(SPR). Since OPT(TR) is achieved by a
shortest path tree rooted at some node, we restrict our attention to the trees 7;,7 € V and further
assume that each of them is a star. Let ¢(7;) denote the cost of the reservation for 7;. We can
assume without loss of generality that for each i € V', b(i) < >_,,; b(j). The cost of the reservation
for T}, noting that it is a star, can be seen to be >, b(j)c(vj).

Now consider the demand matrix D € D where D(ij) = b(i)b(j)/b(V'). Clearly, the cheapest
network that supports this specific demand matrix via fractional routing is a lower bound on the
cost of a network that supports all matrices in D. The cheapest network to support D is obtained
by routing the demand D(ij) along a shortest path between ¢ and j. Focus on a specific i. Then
the demands D(ij), j # i are routed, without loss of generality, along 7;. Thus the total cost of

b(i

routing demands from i is % > b(4)c(ij). Note that this is simply W/))C(Ti). Thus the total

cost of routing D is 1 3, bl)((z‘)) ¢(T;) where the factor 1/2 takes into account the fact that the demand
ij appears both in the cost for ¢ and for j. This immediately gives us the following inequalities.
1

b(4) ) 1
b(V)C(Ti) > 5 min o(T;) = §OPT(TR).

1
OPT(SPR) > OPT(FR) > o Z

A bit more care in the above analysis shows that OPT(TR) < 2(1 — 1/k)OPT(SPR) where k is
the number of terminals (nodes with positive b(i) values).

Now we consider the MPR model. The following theorem is a special case of Theorem 3.3.
Theorem 4.2 ([24, 38]) OPT(MPR) can be computed in polynomial time.
Proposition 4.3 There are instances in which OPT(FR) < OPT(MPR).

A simple example from [38] is the following. G is a triangle (K3) withe each edge of cost 1 and
b(i) = 1 for each i. OPT(FR) = 3/2 and u(e) = 1/2 on each edge certifies this. However
OPT(MPR) = 2; two of the three edges need a capacity of 1 each.

This leads us to the main open problems.

Open Problems:

e Can OPT(SPR) be computed in polynomial time? In [39] it is conjectured that OPT(SPR) =
OPT(TR) for all instances. If this were true then Theorem 4.1 would yield a polynomial time
algorithm for OPT(SPR).

e Is OPT(MPR) = OPT(TR) for all instances? This is conjectured to be true in [38]. This
would imply that OPT(M PR) = OPT(SPR) = OPT(TTR) = OPT(TR) and also would
yield a polynomial time algorithm for OPT(SPR).
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e Can OPT(FR) be computed in polynomial time?

In some important progress, Hurkens et al. [38] showed the following.

Theorem 4.4 ([38]) OPT(MPR) = OPT(TR) when G is a ring network. Moreover this is true
for the following special cases.

e G is a complete graph and c(e) =1 for alle € E.
e There is a node v € V' such that b(v) > b(V \ {v}).
o V| <4

In fact, Hurkens et al. [38] are able to prove the conjecture for some larger classes of instances
obtained from the above special cases using some restricted 1-sum operations on the graphs. See
[38] for more details. Grandoni et al. [23] obtained a simpler combinatorial proof for the ring.

4.2 Asymmetric Case

Now we consider the asymmetric case. We use the same notation as in the symmetric case in refer-
ring to the optimum solution values for the different routing models. In contrast to the symmetric
case, the asymmetric problems are NP-hard even in undirected graphs. Asymmetric instances can
be used to model the single-source symmetric hose model problem which leads to the known hard-
ness results. The reduction is as follows. First, a symmetric single-source hose problem has a root
vertex r and the valid demand matrices are given by the following linear program.

ZD(rj) < b(r)
< b)) jeV\{r}
D(ij) = 0  i#mr

One can easily model the above as a special case of the the asymmetric case as follows: set
bin(r) = b(r), bout(r) = 0 and for j € V' \ {r} set bin(j) = 0,bout(j) = b(J).
The known results on the hardness of the asymmetric problems are given below.

e OPT(SPR) is NP-hard and also max-SNP hard. In fact, an o approximation for OPT(SPR)
implies an « approximation to Steiner tree problem. These results were shown in [33] and
the reduction from the Steiner tree problem is discussed in Section 3 after Theorem 3.4. The
same reduction applies in an identical fashion to OPT(TR).

e OPT(FR) is co-NP hard. This follows from the reduction used to prove Theorem 3.2 in [18].
For directed graphs this was shown earlier in [33].

e OPT(MPR) can be computed in polynomial time (see Theorem 3.3).

Several approximation algorithms have been devised for the asymmetric problem. In [33], a
new network design problem called connected facility location was introduced (see also [30, 41, 53])
to approximate OPT(TR) and the following theorem was shown.

Theorem 4.5 ([33]) There is a 10-approzimation for OPT(TR).

The first constant factor approximation for OPT(SPR) was obtained by Gupta, Kumar and
Roughgarden [32].
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Routing Model
FR SPR TR MPR

Polyhedral | coNP-hard | APX-hard | APX-hard | Poly-time
O(logn) O(logn) O(logn) 1

Sym VPN ? ? Poly-time | Poly-time
2 2 1 1

Asym VPN | APX-hard | APX-hard | APX-hard | Poly-time
3.55 3.55 4.74 1

Table 1: Summary of known results on the complexity and approximability of robust network
design in undirected graphs with linear costs.

Theorem 4.6 ([32]) There is a randomized polynomial time algorithm that computes a tree so-
lution T such that ¢(T) < 5.330 PT(FR). Therefore OPT(FR) < OPT(SPR) < OPT(TR) <
5.330PT(FR).

Building upon some of the ideas in [32], Eisenbrand and Grandoni [21] obtained a randomized
4.74-approximation, again via a tree solution. The current best ratio is due to Eisenbrand et al.
[22] who introduced a new lower bound and analysis technique.

Theorem 4.7 ([22]) There is a 3.55-approzimation algorithm for OPT(SPR). The solution pro-
duced by this algorithm is not necessarily a tree solution.

Open Problems:
e What are the approximability thresholds for OPT(SPR), OPT(TR) and OPT(FR)?

e What is the worst case ratio between OPT(FR) and OPT(MPR)?

We observe that the currently known algorithms for OPT(SPR) that achieve small constant
factor approximations are inherently randomized [32, 21, 22]. Is there a deterministic approximation
algorithm that achieves a comparable ratio? Note that a deterministic O(1) approximation can
be obtained by the fact that that OPT(SPR) < 5.330PT(T'R) (see Theorem 4.6 above) and the
deterministic 10-approximation for OPT(T'R) [33].

Balanced Thresholds:
straint that

A special case of the asymmetric case is obtained by adding the con-

Z bzn (Z) - Z bout(i)

which is natural in some settings. For this case Fingerhut et al. [26] gave a 3-approximation for
OPT(SPR). Italiano et al. [39] showed that OPT(TR) can be computed in polynomial time and
also obtained a 3-approximation for OPT(SPR). In [22] the approximation is improved to 2. These
results can be thought of as generalizing those in [33] for the symmetric case. The complexity of
OPT(SPR) remains open as in the symmetric case.

5 Oblivious Routing

Oblivious routing ideas have roots in the area of distributed routing algorithms. In networks it is
advantageous to have easy to specify routes between pairs of nodes. A first question is whether one
can specify a single path P(i,j) for each pair of nodes (7, ) that is good for all demand matrices

12



(one can think of D as the set D,). The measure of goodness here is edge-congestion as defined
earlier. For example, such a path collection exists when the graph is a tree since there is only one
path between each pair of nodes. However, it is not hard to show that even on simple non-trivial
graphs, such as a grid, no such deterministic scheme can obtain a congestion bound better than
Q(y/n). Thus a natural relaxation is to consider a randomized oblivious routing scheme. More
formally, in such a scheme, for each pair of nodes (i, j) there is a probability distribution on (i, j)
on the set of all paths between i and j and for each demand matrix the routing is chosen by picking
for each (7, j) a path according to u(i,j). Note that (i, 7) does not vary with the demand matrix.
Typically, the performance of an oblivious routing (also referred to as the competitive ratio), is
defined as a relative measure; a worst case ratio, over all demand matrices D € D, between the
congestion achieved by the oblivious routing for D and the best congestion achievable for D. As we
mentioned earlier, we use an absolute measure of performance by restricting attention to D C D,,.
Hence we can define the performance of an oblivious routing as an absolute congestion bound; in
other words what is worst case congestion over all D € D for a given oblivious routing scheme.
Valiant and Brebner [56] showed a randomized oblivious routing scheme for the hyper-cube with
congestion O(logn). It is also known that even in planar graphs (in fact on grids) there is a lower
bound of (logn) on the congestion achievable by a randomized oblivious scheme [47, 9]. In a
breakthrough paper [52] Récke showed the following.

Theorem 5.1 ([52]) There is a randomized oblivious routing scheme in undirected graphs with
congestion O(log3n).

Récke proved Theorem 5.1 by constructing a hierarchical decomposition of a given undirected
graph; this decomposition results in a tree representation of the graph and routing on the tree
serves as an approximate proxy for routing in the graph. This representation has already found
several important applications in offline and online algorithms [52, 16, 48, 2, 28]. The bound on the
congestion has been improved subsequently by Harrelson, Hildrum and Rao [37] and a polynomial
time algorithm to construct the hierarchical decomposition was also obtained [37, 12].

Theorem 5.2 ([37]) There is a randomized oblivious routing scheme in undirected graphs with
congestion O(log2 nloglogn). In planar graphs the bound improves to O(lognloglogn).

We now connect the above results and some others to the framework of robust network design
and routing. A randomized oblivious routing is essentially the same as an MPR routing. Given a
demand class D and a capacitated graph G let \}(D, G) denote the minimum congestion achievable
for D in G under the MPR model of routing. The results of [52, 37] show that A\}(D,,G) =
O(log? nloglogn) for undirected graphs. Note that A\*(D,G) < X\:(D,,G) for any D C D,. One
can ask whether \}(D,G), and a corresponding routing that achieves it, can be computed in
polynomial time. The answer turns out to be yes even for directed graphs. Although [7] state the
theorem only for D, the proof applies to any P(D) that has a polynomial time separation oracle.

Theorem 5.3 ([7]) Given a directed or undirected graph G and a polyhedral set of demand matri-
ces P(D) with a polynomial time separation oracle, there is a polynomial time algorithm to compute
M(P(D),G) and a corresponding routing that achieves this bound.

First we note that Theorem 3.3 can be obtained from the above theorem; the separation oracle
is to check whether a given capacity vector u € U (D) under the MPR model. This is the same as
checking whether \}(P(D),G) < 1 with G having edge capacities u.

We sketch the proof of Theorem 5.3 which casts the problem as a large linear program. This can
be solved by the ellipsoid method by giving a polynomial time separation oracle that is based on
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the separation oracle for P(D). Note that a MPR routing specifies for each pair (7, j) a probability
distribution over paths from i to j. This can alternatively be thought of as a unit-flow from ¢ to j
since such a flow can be decomposed into flow paths. The advantage of thinking in terms of flow
instead of paths is that one can use a polynomial (in n) number of variables. It is convenient here
to assume that G is directed. Thus, an MPR scheme can be thought of as specifying variables
f(i.j)(e) for each pair (i,j) € V x V and arc e € E. For a node i let 0% (i) denote the set of arcs
leaving 7 and let 0~ (i) denote the arcs entering i. We cast A}(D, G) as the optimum of the following
linear program:

LP-OR: min A\
subject to
Z f(%]) Z f(z,]) =1 VieV
e€dt (i) ecé—
> faple) z faple) = 0 w#iv#j
e€dt(v) ecs—(v)
> D)) fuple) < Aule) e€EDED
1<i<j<n

faple) = 0 1<i<j<necE.

The first set of constraints state that the total (i, ) flow is 1. The second set of constraints are
the standard flow conservation constraints. The third set of constraints state that for any D, the
congestion of the routing f is at most A. Note that there is a separate constraint for each D € D
and hence if D is not a discrete set, there are potentially an infinite number of constraints. First,
let us consider the case that D is a discrete set given explicitly, in which case the above is a linear
program whose size is polynomial in the input size. It is easy to see that the optimum solution
value for LP-OR is the same as \}(D, G).

Next we consider the case that D is polyhedral given by P(D). Observe that P(D) is bounded
since we assume that D C D,. Let D’ be the finite set of demand matrices that correspond to the
extreme points of P(D). Then, instead of writing the constraints as one for each D € D we can
write the constraints for only D € D’. Thus we do obtain a linear program for polyhedral D. It
only remains to show how the above linear program can be solved since |D’| can be exponential in
n. We observe that the separation oracle can be constructed for LP-OR in a relatively easy fashion
from one for P(D); given values for A and f; j)(e) we can easily check whether any constraint in
the first two sets of flow constraints is violated. We consider the remaining constraints. Consider
one particular edge e. To check whether all D € D satisfy the congestion bound on e for the given
A and f we solve the following linear program.

mafo” D(i, )

subJect to
D e P(D).

Let v(e) be the optimum solution for the above linear program. This linear program can be solved
using the separation oracle for P(D), again using the equivalence of separation and optimization.
If v(e) > Au(e), then a demand matrix D, that achieves y(e) identifies a violated constraint for
LP-OR. We solve a separate linear program for each e € E and if y(e) < A(e) for all e then D
satisfies the desired constraints for the given f and A. Thus we have a polynomial time separation
oracle for LP-OR assuming one for P(D).
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The above proof requires one to solve LP-OR via the ellipsoid method. In [5] it is shown that
there exists a compact formulation to solve \3(D, G) for certain classes of D, in particular for D,,. In
[44, 3, 38] a compact formulation is given for the hose model. In fact, as observed by several people,
the proof applies for all P(D) described compactly. A published proof appears in [3]. The high
level idea is not difficult and we briefly describe it. Assume without loss of generality that P(D)
is described by the system of inequalities A - D < b, D > 0 for some matrix A. In the separation
oracle we described above for LP-OR the main task is to check that v(e) < Au(e) for all e € E.
Since v(e) is the value of an optimum solution of a linear program, by duality it is also equal to the
optimum solution to the dual linear program which is given below. Y, is the set of dual variables
and f(e) is the n? x 1 column vector of values f; ;(e), (i,7) € V x V.

mind’ Y,
subject to
Y A > f(e)
Yo > 0.

Thus the constraints y(e) < Au(e) for all e can be equivalently written as the system below.

b Y, < X-ufe) ec E
YT A > fle) ecE
Y. > 0 ec FE.

Note that the above system is linear in the variables f(; ;y(e)! Hence we can equivalently write
LP-OR as the following when P(D) ={D | A- D <b,D > 0} is given as an explicit system.

LP-OR-compact: min A

subject to
> fo Z f(w =1 VieV
e€dt (i) ecd—
Z f(z,] Z f(’L,_] =0 vELUE]
e€dt(v) e€d—(v)
U Y, < X-u(e) ecel
YI.A > fle) ecE
fapne) = 0 1<i<j<neck
Y. > 0 eeF.

Note that the above program has variables f(i,j)(e) as well as those from Y., e € E. If the
matrix A is of size polynomial in n then so too is LP-OR-compact. so Although A\*(D,G) can
be computed in polynomial time for directed graphs, there exist simple directed graphs for which
(D, G) = Q(y/n) [7]. Further, it is also known that \5(D,G) = Q(y/n) for undirected graphs in
the node-capacitated setting [35]. To overcome these negative results, Hajiaghayi et al. [36] propose
a different but related model for which they are able to obtain an O(log?n) upper bound even for
directed graphs.

Open Problem: The major open problem is to prove tight bounds on \}(D,,G) for undirected

graphs. The lower bound is Q(logn) even in planar graphs and the upper bound is O (log? n log log n)
and O(lognloglogn) in general and planar graphs respectively.
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6 Discussion and Conclusions

The hose model originated from the networking world with practical motivations [26, 20]. Neverthe-
less, the associated optimization problems have attracted substantial attention in the algorithms
and mathematical programming communities. Although the robust network design problem (in
particular, the VPN design problem) and randomized oblivious routing to minimize congestion
were considered separately, close connections between them have been noticed and exploited. Fur-
ther, a polyhedral view makes some of the connections more transparent. Gupta et al. [34] consider
oblivious network design; their results show the existence of competitive routing strategies to min-
imize various cost functions; the routing is oblivious to the cost function as long as it belongs to a
broad class that satisfies some reasonable properties.

We point out another useful perspective on the hose model. Consider the symmetric model
with b(¢) as the bound for node ¢ € V, and let D be the class of matrices induced by these bounds.
A network that supports all the matrices in D behaves like a switch with respect to the terminals
(those with b(7) > 0). The simplest kind of switch is a single node connected to the terminals.
In essence, with linear costs, Theorem 4.1 shows that a near-optimal solution is to choose a single
node (the hub) as the network switch and route the terminals to this node in the cheapest possible
way. Thus the design problem allows us to choose a very simple switch. In other routing settings, a
fundamental question is when a capacitated graph can act as a switch for a given set of terminals.
As we saw in the proof of Theorem 4.1, the demand matrix D, with D(ij) = b(:)b(j)/b(V) for
each pair ij, plays an important role — we refer to this as the universal matrix since it captures
the essence of the class D. This is also well known as a product multi-commodity flow instance
with weights b and plays an important role in flows and cuts [45]. In particular, the flow-cut gap
result shown in [45], and the above universal matrix, are crucial ingredients in the oblivious routing
schem of Récke [52, 37]. Finally, the following question has important implications to disjoint paths
problems as shown in [17]: does a capacitated graph that acts as a switch for a set of terminals
in terms of fractional routing, also act as an approximate switch for the same set of terminals in
terms of integral routing? See [17] for a formal version of this question.

We close by discussing a line of work that explores new network architectures that are motivated
by, and connected to, the problems and ideas surveyed in this article. Traditional circuit switched
networks provide dedicated high capacity connections between given end points. These connections
are typically provisioned upfront and are based on estimated traffic demands. They have the
advantage of providing quality of service guarantees and fault tolerance. On the other hand,
packet networks must be more flexible to changes in traffic since they dynamically adapt their
routes and transmission rates; the flip side is the cost and complexity of switching at routers (as
capacities increase dramatically), and the difficulty of providing quality of service guarantees and
fault tolerance. A compromise of sorts exists, where packet networks are more prevalent at the
edge of a large network such as the internet, while high capacity back-bone networks are, to a large
extent, circuit based. Statistical multiplexing allows reliable estimates for end-to-end demand in
back-bone networks. In the past decade, new technologies and applications have been driving an
ever-increasing request for bandwidth at the edge of the network, with an accompanying increase
in the need for quality of service and reliability. Some of the motivation behind the introduction of
the hose model in [26, 20], and subsequent related work, is the desire to design networks that can
combine the best of both worlds; provide robustness to changing traffic while having the benefits
of fixed routes and large capacities. Of course, designing networks to handle all demands in a large
class, such as those considered in the hose model(s), is likely to be more expensive. Further, the
hub-routing algorithm suggested by Theorem 4.1 has a single point of failure at the hub. Some
work [43, 57, 49, 50] suggests the use of randomized load balancing (RLB), a scheme inspired by the
ideas of Valiant [55]; one can view this as a fractional version of hub-routing. In [51], based on the
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fact that RLB can be viewed as a convex combination of hub routings, they propose selective RLB
that uses k € [1..n] hubs. Choosing k appropriately obtains the cost advantages of hub routing and
the resilience of RLB. Empirical work [51] also measures the robustness premium, the extra cost
in network resources needed to support all hose matrices, as opposed to a single target demand
matrix. These efforts are an ongoing debate in the evolution of network architectures. We also
mention the empirical work in [5] on the effectiveness of oblivious routing mechanisms in providing
robustness to changing traffic demands. The theoretical models, algorithms and insights are useful
in providing ways to evaluate and study alternative architectures, mechanisms, and policies in a
systematic way.
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