
Fall 2006, CS 598CC: Approximation Algorithms
Homework 1

Due: 9/26/2006 in class

Instructions and Policy: You are not allowed to consult any material outside of the textbook and
class notes in solving these problems. Unless otherwise noted you are to solve the problems on
your own. Even when collaboration is allowed, each person should write up their own solutions
independently. You need to indicate the names of the people you discussed a problem with. Ideally
you should discuss with no more than two other people.

Please write clearly and concisely - clarity and brevity will be rewarded. Refer to known facts as
necessary. Your job is to convince me that you know the solution, as quickly as possible.

For this homework collaboration is allowed for problems6 to 10.

Problem 1 [5 pts] Given an undirected graphG with n vertices andm edges, letd = 2m/n be
the average degree of a vertex. Give anO(d) approximation for the maximum independent set
problem. What does this imply for planar graphs?

Problem 2 [10 pts] Exercise 3.4 from Vazirani’s book on TSP-Path.

Problem 3 [10 pts] LetG = (V, A) be a directed graph with arc weightsc : A → R+. Define the
density of a directed cycleC as

∑
a∈C c(a)/|V (C)| whereV (C) is set of vertices inC. A cycle

with the minimum density is called a minimum mean cycle and such a cycle can be computed in
polynomial time (how?). Consider the following algorithm for ATSP. GivenG (with c satisfying
asymmetric triangle inequality) compute a minimum mean cycleC. Pick an arbitrary vertexv
from C and recurse on the graphG′ = G[V − C ∪ {v}]. A solution to the problem onG can be
computed by patchingC with a tour in the graphG′. Prove that the approximation ratio for this
heuristic is at most2Hn whereHn = 1 + 1/2 + . . . + 1/n is thenth harmonic number.

Problem 4 [10 pts] Considier thek-dimensional knapsack problem. We are givenn non-negative
k-dimensional vectors̄v1, v̄2, . . . , v̄n. Each vector has a non-negative weight,wi for v̄i. We are also
given ak-dimensional knapsack̄V and the goal is to find a maximum weight subset of vectors that
pack in toV . A subset of vectors pack intōV if their vector addition is less than̄V (co-ordinate
wise). Prove that there is a pseudo-polynomial time algorithm for this problem whenk is a fixed
constant independent ofn. What is the running time of your algorithm? Prove that even fork = 2
andunit weightsthe problem does not admit an FPTAS. (Hint: use a reduction from the Partition
problem. For an itemai consider a vector(ai, A − ai) for some large enoughA.) Extra credit:
obtain a PTAS for this problem whenk is a fixed constant independent ofn (might need to use LP
techniques).

Problem 5 [10 pts] Exercise 10.2 in Vazirani’s book.
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Problem 6 [15 pts] Consider a budgeted version of the maximum coverage problem. We are
givenm setsS1, S2, . . . , Sm, each a subset of a setU . Each setSi has a non-negative costci and
we are also given a budgetB. The goal is to pick sets of total cost at mostB so as to maximize the
number of elements covered. Show that ifci ≤ εB for 1 ≤ i ≤ m then the Greedy algorithm yields
a 1 − 1/e − ε approximation (for sufficiently smallε). For any fixedε > 0 obtain a1 − 1/e − ε
approximation. (Hint: consider the PTAS for knapsack from the lectures. You might find the
inequality1− x ≤ e−x useful.) Extra credit: Obtain a1− 1/e approximation for this problem.

Problem 7 [20 pts] We are given a subsetsS1, S2, . . . , Sm of a setU and an integerk. Our goal
is to pickk sets to maximize some function of the elements that are covered by the chosen sets.
In maximum coverage the objective was simply the number of elements covered. Consider now a
more general objective function. Each elemente ∈ U has a weight functionwe : {1, 2, . . . ,m} →
R+. In other wordswe(i) is the weight obtained by coveringe by setSi. The objective is now
to pick k sets to maximize the weight of the elements covered. Note that once we pickk sets, an
elemente that is covered by more than one set will be assigned to the set that gives it the most
weight. Let us formalize this. Define a functionf on subsets of{1, 2, . . . ,m} as follows. For
X ⊆ {1, 2, . . . ,m} we letUX = ∪i∈XSi. We then definef(X) =

∑
e∈UX

maxi∈X we(i). Note
that the problem we have defined ismaxX⊆{1,2,...,m},|X|=k f(X). Prove thatf is a submodular
function. What is the greedy algorithm for this problem? Conclude that the greedy algorithm
yields a1− 1/e approximation.

Problem 8 [20 pts] Exercise 5.4 in Vazirani’s book.

Problem 9 [20 pts] For Metric-TSP consider the nearest neighbour heuristic discussed in class.
Prove that the heuristic yields anO(log n) approximation. (Hint: use the basic idea in the online
greedy algorithm for the Steiner tree problem). Also give examples to show that there is no constant
c such that the heuristic is ac-approximation algorithm.

Problem 10 [20 pts] Multi-processor scheduling: givenn jobsJ1, . . . , Jn with processing times
p1, p2, . . . , pn andm machinesM1, M2, . . . ,Mm.

• For identical machines show that greedy list scheduling that orders the jobs in non-increasing
sizes has an approximation ratio of3/2. Extra credit for a bound of4/3.

• Now consider the problem where the machines are not identical. MachinesMj has a speed
sj. JobJi with processing timepi takespi/sj time to complete on machineMj. Give
a constant factor approximation for scheduling in this setting to minimize makespan (the
maximum completion time). (Hint: consider jobs in decreasing sizes. Assumingp1 ≥ p2 ≥
. . . ≥ pn ands1 ≥ s2 ≥ . . . sm, show thatOPT ≥ maxi≤m(

∑
j≤i pi/

∑
j≤i si.)
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