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1 Introduction to Inefficiency of Equilibrium

In this section, we will introduce two concepts price of anarchy (PoA) and price of stability (PoS) to
quantify how much selfish players hurt the system. We assume selfish people employ pure strategies
to maximize his/her payoff, and thus only a pure Nash equilibrium is a stable status of the system
for selfish people. We will also use load balancing games as examples to illustrate how to analyze
PoA and PoS.

1.1 Price of Anarchy and Price of Stability

Given a game (N,< S; >,< u; >), where N = {1,...,n} is the set of n players, S; is the set of
possible strategies of player i, and u; : S = S1 X ... X S, — R is the payoff function of player .
Define A = {s € S|s is a pure Nash equilibrium}. To define PoA and PoS, we need to measure the
“value” of strategies picked by players. Let f : S — R™ be the social objective function, and s* be a
social optimum iff f(s*) = maxses f(s) (the objective is to maximize f(s)) or f(s*) = mingegs f($)
(the objective is to minimize f(s)).

Definition 1.1 (Price of Anarchy (PoA)) The price of anarchy is defined as

PoA = max f(s7) if the objective is to mazimize f(s)
s

if the objective is to minimize f(s).

PoS = min f(57) if the objective is to mazimize f(s)
s

if the objective is to minimize f(s).



Intuitively, PoA is the worst case of how much selfish people may hurt the social optimum,
because selfish people can make the system stable in any pure Nash equilibrium s € A. On the
other hand, PoS is the best case one can expect selfish people to achieve a Nash equilibrium, which
hurts the social optimum as least as possible (a ratio of PoS). Note PoA and PoS can be extended
to mixed Nash equilibrium, but we will first focus on pure Nash equilibrium in this section.

1.2 Example: Load Balancing Games

We will use load balancing games as examples to show how to analyze PoA and PoS of a game.
First, Let’s define a load balancing game as follows.

There are m machines available, and n jobs controlled by n selfish players 1,...,n. Player i
controls job ¢ with weight w; > 0, which needs to be scheduled on one of the m machines. Define
a load balancing game as (N, < S; >, < u; >), where N = {1,..,n} denotes n players (jobs), and
S; ={1,...,m}. In a vector of strategies s € S = 51 X ... XS, entry s; € S; means job i is scheduled
on machines s;. Define the load on machine j as the total weight of jobs scheduled on machine j

1:5;=]

In a general setting, define u;(s) = fi(ls,(s)) as the cost of player i w.r.t. the vector of strategies s,
where f;(x) is an ascending monotone function. The objective of each player is to minimize u;(s).
Second, we want to minimize the social objective function,

f(s) = max 4(s), (2)

which denotes the time when the last job is completed (makespan) in scheduling problems.

Note Equation (1)) assumes all machines processes jobs at the same speed. We will discuss a more
general setting of load balancing games, where different machines are with different job-processing
speeds in Section [1.2.3.

1.2.1 Existence of Nash Equilibrium of Pure Strategies

We prove there exists a pure Nash equilibrium in every load balancing game.

Lemma 1.3 If each function u;(s) = fi(ls;(s)) is ascending monotone w.r.t. ls,(s), then a load
balancing game has a Nash equilibrium of pure strategies.

Proof: To prove the existence of a pure Nash equilibrium, we define a potential function @ :
S — X, s.t. i) X is a totally ordered set; ii) ®(s') < ®(s) if there exists ¢ and s, # s; s.t.
wi(sh, s—i) < u;(si,s—;) (i.e. sis not a Nash equilibrium). Because set S =S x ... x S, is finite in
load balancing games, the construction of function ¢ satisfying properties i) and ii) immediately
implies the existence of a pure Nash equilibrium (there exists sg € S s.t. ®(s9) = infsecg P(s)).

In load balancing games, for s € S, let ®(s) = (a1, ..., ), where a3 > ... > ayy, is the sorted
list of loads {l1(s), ..., (s)} on machines. It can be verified that

m n
X ={(a1, ., am)lar > ... > apy > O,Zozj = Zwl}
j=1 i=1



is totally ordered, with '<’ defined as the lexicographic order, for example, (2,2,2) < (3,2,1).
Therefore, to prove the existence of a pure Nash equilibrium, we only need to show that ®(s’) < ®(s)
if there exists ¢ and s, # s; s.t. u;(s}, ;) < ui(s;, s—;). We leave it as an exercise to readers. O

Note the proof of Lemma [1.3 can be easily extended to a more general setting, where different
machines are with different job-processing speeds as introduced in Section [1.2.3

1.2.2 Analysis of PoA and PoS

Theorem 1.4 In a load balancing game, given the load on a machine and the social objective
function defined in Equation (1) and (2), respectively, we have PoA < 2 —2/(m + 1). Moreover,
there exists an instance of load balancing game, s.t. PoA =2 —2/(m+ 1).

Proof: Let the social optimum be

OPT = f(s*) = mip f(s) = min 1%;?5” Li(s).

We can prove the following three claims:

OPT > max w; (3)
1<i<n
1
OPT > — w; (4)
1<i<n

Vector of strategies s € S is a pure Nash equilibrium <
Vi, il istosi=4: 1i(s) <ljp(s) + wi. (5)
(3) and (4) are straightforward. (5) is because of the definition of Nash equilibrium — if job i can
be scheduled on machine j, instead of j, to get a lower load I;/(s) + w;(< lj(s)) on machines j’,
then s is not a Nash equilibrium.
Consider any Nash equilibrium s € A. W.l.o.g., we can suppose (i) s; = 1 (i.e., job 1 is scheduled
on machine 1), (ii) l1(s) = max; [;(s) = f(s), and (iii) w1 = min{w;|s; = 1}. By (5), we have
11(8) S ZQ(S) + w1
ll(s) < 13(3) + wy

l4(s) + wy.

N
=
—~
w
NP
A

Sum them up, then we have (m — 1)l1(s)

< Ia(8) + ... + Im(s) + (m — 1)w;, and thus mii(s) <
L(s) +l2(s) + ... + ln(s) + (m — Dwi. By 32,1

i(s) =, w;, we have

mll (S) < Z w; + (m — 1)w1

1<i<n
1 -1
= ll(s) < — w; + ——wq
m_“
1<i<n
1
=U(s) < OPT+ ——w; from (4) (6)

We consider two cases:



o If [{w;|s; =1}| =1 (only job 1 is scheduled on machine 1), we can prove [;(s) = OPT.

o If [{wj|s; = 1}| > 1, we have

1
wp < 511(8) from w; = min{w;|s; = 1}
m—1 .
= lL(s) < OPT+ 5 li(s) from (6)
m
2m
< ——OPT
= ll(s) < m+10
2
< (2———)OPT. 7
< @2 )

Note if [{w;|s; = 1}| = 1, (7) is still true. Therefore, from (7) and {1(s) = max; [;(s) = f(s), we
already prove: for any Nash equilibrium s € A, f(s) < (2 — mLH)OPT, and thus, PoA <2 — mil'
We need also show our analysis is tight, i.e., there exists an instance of load balancing game

and a Nash equilibrium s € A for this game, s.t. (J;S% =2- mi—l’ to complete our proof. Following

is such an example: There are n = m(m —1)+2 = m? —m+2 jobs and m machines. w; = ws = m
and w; = 1 for i = 3,...,m? — m + 2. In this instance, OPT = m + 1. There is a Nash equilibrium
s, where job 1 and job 2 are scheduled on machine 2, and m jobs are scheduled on each of other

m — 1 machines. We have f(s) = 2m, and thus (J;Sf)T =2— mL_H U

Theorem 1.5 In a load balancing game, given the load on a machine and the social objective
function defined in Equation (1) and (2), respectively, we have PoS = 1.

Proof: Recall in the proof of Lemma [1.3, we construct a potential function ® : S — X, s.t. 1) X
is a totally ordered set; ii) ®(s') < ®(s) if there exists ¢ and s} # s; s.t. wi(s), 5-;) < ui(s4,5-i)
(i.e. sis not a Nash equilibrium). From the definition of f(s) and the construction of ®(s), we can
further prove iii) f(s') < f(s) if ®(s") < ®(s).

Let the social optimum be

OPT = f(s*) = rsrgglf(s)

If s = s* is a Nash equilibrium, we have completed our proof because ;Ejog = 1. Otherwise there
exists s s.t. ®(s!) < ®(sY) and thus f(s') < f(s°). Similarly, if s! is a Nash equilibrium, we
have completed our proof. Otherwise, we can find s? s.t. ®(s?) < ®(s!)... This process will finally

terminate because S = S7 X ... X S, is finite, and suppose s* is the Nash equilibrium we finally
find s.t. f(s%) < f(s*71) < ... < f(s) = f(s*). Obviously, PoS > 1. Therefore, we must have
f(s*) = f(s*) and thus PoS = 1. O

1.2.3 A More General Setting

In a more general setting, different machines are with different job-processing speeds, we modify
(1) as follows:

where v; denotes the job-processing speed of machine j.



Theorem 1.6 In a load balancing game, given the load on a machine and the social objective func-
tion defined in Equation (8) and (2), respectively, we have PoA € O(logm/loglogm). Moreover,
there exists an instance of load balancing game, s.t. PoA € Q(logm/loglogm).

Let vmax = max{vy,...,v,} and vy = min{vi,...,v,} be the maximum and the minimum
job-processing speeds, respectively. We can prove PoA € O(logm/loglogm), and there exists an

instance of load balancing game, s.t. PoA € Q(logm/loglogm). Details are omitted here.

Theorem 1.7 In a load balancing game, given the load on a machine and the social objective
function defined in Equation (8) and (2), respectively, we have PoS = 1.

The proof of Theorem (1.5 can be simply extended to prove Theorem [1.7.



