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Abstract

We classify quadratic, biquadratic and degree 4 cyclic 2-rational number fields. We also classify those
quadratic number fields which are not 2-rational, but have a degree 2 extension, which is Galois over Q
and is 2-rational. In this case we explicitly describe the Galois group of their maximal pro-2 extension
unramified outside 2 and infinity using a result of Herfort—Ribes—Zalesskii on virtually free pro-p groups.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction and statement of results

Let K be a number field. Let S denote the set of prime divisors of p and the infinite primes
of K, and Kg(p) denote the maximal pro- p extension of K unramified outside S. Let G g denote
the Galois group G(Ks(p)/K). The big problem is to determine Gg. There is a characteriza-
tion for it to be a free pro-p group [9, Corollary 8.7.10]. Also K. Wingberg [14] has classified
when it is Demuskin. A natural question to ask is for which number fields K is it a virtually free
(Definition 8) pro-p group? In this paper we study the case when p = 2, and classify quadratic,
biquadratic and degree 4 cyclic number fields whose G is free. We also classify those quadratic
number fields for which G is not free, but has a degree 2 extension, which is Galois over QQ and
whose G is free. In this case we explicitly describe the Galois group of their maximal pro-2 ex-
tension unramified outside 2 and infinity using a result of Herfort—Ribes—Zalesskii (Theorem 10)
on virtually free pro-p groups.
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1.1. Notations

Let Sk be the set of prime divisors of 2 and the infinite primes in K. If K has a unique prime
above 2, it will be denoted by Pg . Let Ok, Uk, hg, CI(K) denote the ring of integers, unit group,
class number and the class group of K respectively. We will study the Galois extensions of K
of degree a power of 2, unramified outside Sk, whose composite is the maximal pro-2 extension
of K unramified outside Sg. The Galois group of the maximal 2-extensions of K unramified
outside Sk will be denoted by G, . Since the cyclotomic 2-extension of QQ unramified outside 2
and infinity is infinite, G5, is an infinite pro-2 group.

Let L be an imaginary biquadratic extension of Q or an imaginary cyclic extension of Q of
degree 4. Let g2, e2 and f> denote the number of prime factors, the ramification index and the
inertial degree of 2in L. Letm > 1, n < 0, be square free integers, k = m"l’)z .Let Ly =Q(/m)

(m,
be the unique real quadratic subfield of L. Let L_ = Q(/n), and let F = Q(+/k ). Assume that
there is a unique prime above 2 in L.

1.2. Definitions and statement of our results
The aim of this paper is to prove the following results.
Definition 1. A number field F is said to be p-rational if G is free.

Theorem 2. Let K be a quadratic number field. Then K is 2-rational if and only if K is any
imaginary quadratic subfield of Q(¢s,) where p is a prime = £3 mod 8. More precisely K =
Q(/n) is one of the following, n = —1,—2, —p or —2p where p is a prime = &3 mod 8. In
each of the above cases GSQ( /i) = 7o U Zy where U indicates the free pro-2 product.

Theorem 3. Let L be a cyclic extension of degree 4 over Q with L as the unique quadratic
subfield of L. Then L is 2-rational if and only if:

(1) The conductor of L has a unique prime factor and
(a) L is the imaginary cyclic extension of Q contained in Q(¢p), where p is a prime
=5 mod 8.
(b) L is the imaginary cyclic extension of Q contained in Q(,4).
(2) The conductor of L has two prime factors and
(a) L is an imaginary cyclic extension of Q contained in Q(§24I,) with Ly = Q(+/2), where
p is a prime = 3 mod 8 and h; =2 mod 4.
(b) L is an imaginary cyclic extension of Q contained in Q(§24l,) with Ly = Q(\/p), where
p is a prime =5 mod 8 and h; =2 mod 4.
(¢) L is an imaginary cyclic extension of Q contained in Q($,) with Ly = QW2p),
where p is a prime = 5 mod 8 and 2*||hy

In each of the above cases Gs, =7 U Zy 17, and GSL+ =C,UCU7Zs.
The following is our main result.

Theorem 4. Let L be a biquadratic number field, then:
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(1) L is 2-rational if and only if L is any imaginary biquadratic subfield of Q(Z3p), where p is a
prime = £3 mod 8. More precisely, L = Q(\/n, »/m), is one of the following
(@ n=—1andm =2, p or 2p where p is a prime = £3 mod 8.
(b) n=—-2and m = p or 2p where p is a prime = £3 mod 8.
(¢c) n=—p, where p is a prime = +3 mod 8 and m = 2.

(2) In each of the above cases Gs; = Cy U Co UZy and Gs,_ and Gs,. are free groups on
2 generators hence isomorphic to Zy U Zy and Gs, =7 U Zy U1 7Z;.

The main idea in proving the above theorem, which is also the most recurring theme of this
paper, is not to have too many finite ramified primes in L over Q; in fact for L to be 2-rational,
L cannot have more than 2 finite ramified primes.

Corollary 5. Let K be a quadratic number field. Suppose K is not 2-rational. Then K has a
degree 2 extension L, such that L is Galois over Q and is 2-rational if and only if K is any real
quadratic subfield of Q(¢g,) where p is a prime = 3 mod 8 and in each of these cases G, =
CoUCr, UZs.

Definition 6. A number field F is said to be minimal p-rational if F is p-rational and no proper
subfield of F has this property.

Corollary 7. The only minimal 2-rational degree 4 normal extensions of Q are the imaginary
cyclic extensions of Q of Theorem 3.

2. Preliminaries
2.1. Group theory

Let p be a rational prime and G a pro-p group, that is an inverse limit of finite p-groups.
Definition 8. [11, p. 121] A pro-p group G is virtually free if G has an open free subgroup.

Let {G;|i=1,...,n} be a collection of pro-p groups. Let G = G| % - -- * G,, be the free
product of G, ..., G, considered as abstract groups.

Definition 9. [10, Remark 9.1.3] The free pro-p product G = G| LI --- L1 G, is the completion of
G with respect to the topology defined by the collection of all normal subgroups N of finite
index in G such that N N G; is openin G; (i = 1,...,n) and G /N is a finite p-group.

The following theorem is the group-theoretic fact which we use to deduce the structure of the
Gs, . It is also a generalization of a well-known result of Serre: “A torsion-free virtually free
pro-p group is free.”

Theorem 10. [15,4] If G is a pro-p group having a free pro-p subgroup F of countable rank and
index p then

G;<]_[(C,,xHx))LIH

xeX
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is a free product, where C, denotes the group of order p, Hy, H are free pro-p groups of F and
X is the space of conjugacy classes of subgroups of order p in G.

In [4], the above theorem is stated without the restriction of F" having a countable rank. In [15],
P.A. Zalesskii corrects this error and gives an example of pro-2 group G having a free subgroup F
of index 2 with uncountable rank, and G not having the above decomposition.

Definition 11. [12, p. 17] Let p be a prime number and G a profinite group. One calls the p-
cohomological dimension of G, and uses the notation cd,(G), to denote the lower bound of the
integers n which satisfy the following condition: For every discrete torsion G-module A, and
for every g > n, the p-primary component of H7(G, A) is zero. One defines the cohomological
dimension to be cd(G) = supcd,(G).

Let Fr(G) denote the Frattini subgroup of G, i.e. the intersection of the kernels of the contin-
uous homomorphisms G — F,. Therefore Fr(G) = G?[G, G] where [G, G] denotes the closure
of the commutator subgroup of G. The groups G/Fr(G) and H' (G, F p) are duals of each other.
The minimum number of topological generators of G equals the minimum number of genera-
tors of G/Fr(G), by Burnside’s theorem. Therefore the minimum number of generators of G
is dime HY(G, F,) [12, Section 4.2] or [6] or [7, Section 6.1], and the relation rank of G is
dimp, H*(G, F,) [12, Section 4.3].

There is a mapping [6] or [7, Section 11.1]

¢5:H*(Gs.Fy) — Y H*(Gy.F))
pES

where G, is Galois group of the maximal p-extension of K, and K, is the completion of K

at o.
Let 2 denote the kernel of ¢5.

Definition 12. ([6] or [7, Section 11.2]) Let Bg = (Vs/K *P)*, where
Vs={a e K*|(a)=0a”, aeK@”forpeS}

where («) is the principal fractional ideal generated by «, and a is some fractional ideal in K
and * indicates the dual.

Theorem 13. ([6] or [7, Theorem 13.8]) Suppose i, C K. Then s = By and there exists a
map

Y HXG,.Fp) T,
pesS

such that the sequence

0— Bs — H*(Gs.Fp) — Y H*(Gy.Fp) — F, —0
pES

is exact.
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Remark 14. When Bs = 0, the map ¢7 is injective. Hence all the global relations come from the
local relations.

Theorem 15. ([9, Theorem 8.7.3] or [6] or [7, Theorems 11.8 and 11.5])

(1 dimg, H'(Gs,F)) =1+ Y 8, — 6 +dimg, Bs
peS
where
s {1 ifﬂpgKy d s {1 if‘/JLpgKgo,
= X an > = X
0 lfﬂp,@Kv ® 0 lfﬂpgng

Moreover if u, C K, then dim[pp Bs = dime ClS/CZIS’, where
Cls =CI(K)/(S)

where (S) denotes the subgroup of CI(K) generated by the prime ideals in S.
2 dimg, H*(Gs.F)) = Y 8, — 8+ dimp, Bs

£ES\Sc
where Sc is the set of complex primes in K.

The following lemma is crucial in proving Theorems 2—4 and in proving these theorems all
we have to show that Bg, =0.

Lemma 16. When p =2

(1) Gsy is free if and only if K is totally imaginary with a unique prime above 2 and Bg, = 0.
(2) Bsy =0 if either the class number of K is odd or Sk generates the Sylow 2-subgroup of the
class group of K

Proof. (1) Since p =2, {£1} belongs to K and K,,. Using (2) of Theorem 15 we see that G,
is free if and only if dimp, Bg, =0 and

> sp=6.

peSk\Sc

For the latter equality to hold, K should have a unique prime divisor of 2 and K should have no
real embeddings. Hence we demand that there be a unique prime above 2 in K.

(2) Now, by (1) of Theorem 15 we see that Bg, = 0 if and only if the group Clg, / Clﬁk is
trivial, where Cls, = CI(K)/(Sk). The group Clg, /CléK is trivial if and only if either kg is odd
or hi is even and the Sylow 2-subgroup of Clg, is trivial, which translates into saying that Sk
generates the Sylow 2-subgroup of the class group of K. O

The following lemma is used in proving the main result.

Lemma 17. Let L be a finite normal p-extension of a number field K in which at most divisors
of p and infinity ramify. Let S be the divisors of p and infinity in K and similarly S be the divisors
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of p and infinity in L; let G g (respectively G ;) be the Galois groups of the maximal p-extensions
of K (respectively L) unramified outside of S (respectively S). Then G 5 is a subgroup of G s and
has index [L : K. In particular, if G s is a free pro-p group, then G is a free pro-p group.

2.2. Genus theory
We summarize well-known results in the following sections for the convenience of the reader.

Definition 18. [5, Chapter VI, p. 243] If K is any finite abelian extension of Q, the genus field
K of K is the largest abelian extension of Q contained in the Hilbert class field K of K. The
extended genus field K™ of K is the largest abelian extension of (Q contained in the extended
Hilbert class field ), where K is the maximal abelian extension of K unramified at the
finite primes of K.

Theorem 19. [5, Chapter VI, Theorem 3.8] Let K = Q(+/d) have discriminant A where |A| =
p1p2- - pr With pa, ..., p; odd primes and p1 is either an odd prime or a power of 2. Then the
extended genus field is

K =QWd, B, ....Br)
where

b = N4z if pi =1 mod 4,
T N —Pi lfp,E3I’IlOd4

Consequently,

Theorem 20. [5, Chapter VI, Theorem 3.9] If K = Q(+/d ) is a quadratic extension of Q and if
the discriminant Ak is divisible by exactly t different primes, then [KD: K]1=2"1,

Note that [K™P) : K] < 2. If K is complex or if K is real and some unit of the ring of algebraic
integers of K has norm —1, then K™ = K and the Gal(K/K) Cl(K)/ClZ(K). Hence we
have that hQ( ) is even if d < 0 and discriminant of Q(+/d ) has more than one prime factor.
Therefore Q(,/—p) where p is a prime = 1 mod 4 or Q(/—2p), where p is an odd prime, have
even class number. If d > 0 and discriminant of Q(+/d ) has more than two prime factors then
class number of Q(+/d ) is necessarily even.

More precisely we have the result

Theorem 21. ([2, Corollary to Theorem 2.17] or [1, Corollary 18.4]) The class number of a
quadratic number field K is odd if and only if

() K =QW=1);

(2) K =Q(/p), p any prime;

3) K =Q(/=p), p aprime=2,3mod 4;

4) K =Q(/pq), p and q distinct primes, p =3 mod 4 and ¢ = 2,3 mod 4.
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Theorem 22. [2, Theorem 2.16] Let L/Q be a cyclic extension of Q of degree I", | a prime. Let
pi, 1 <i <t, be the ﬁnZte set of primes, ramified in L, of ramification degrees I"i, ny > no >
o« >=n; > 1. Then Gal(L™) /L) is abelian of type (I"2, ..., [™).

Theorem 23. [2, Theorem 2.17] Let L /Q be an imaginary cyclic extension of degree 2" (n > 1).
Then hy, is odd if and only if one finite rational prime ramifies in L.

2.3. Class number parity

Proposition 24. [1, Corollary 19.6] Let K = Q(+/d) be an imaginary quadratic extension of Q.
Then hx =2 mod 4 if and only if

(1) d =—p, —2p, where p is prime congruent to 5 mod 8;
(2) d = —2q where q is a prime congruent to 3 mod 8;
(3) d = —pq with (%) = (g) = —1 where p is a prime =3 mod 4 and q is a prime = 1 mod 4.

Proposition 25. [1, Corollary 19.8] For a real quadratic extension K = Q(v/d ) with fundamen-
tal unit of norm —1, hx =2 mod 4 if and only if

(1) d =2q, with g =5 mod 8;
(2) d=qigz with () = () = -1

where q, q1, q2 are primes = 1 mod 4.

Proposition 26. [1, Proposition 19.9] Suppose K = Q(/2q) or Q(\/q1q2) with primes
q.4q1,92 = 1 mod 4 satisfying g =5 mod 8 or (Z—?) = (Z—;) = —1. Then the norm of the fun-
damental unit of K is —1.

2.4. Dirichlet characters

A Dirichlet character is a multiplicative homomorphism y : (Z/nZ)* — C*. The conductor
of x is the minimal n for which the map yx is defined. If x is a character defined mod #n, then x is a
character of Gal(Q(¢,)/Q). Let K be the fixed field of the kernel of x. Then K is called the field
belonging to x and deg(K /Q) = order of x. If n =[] p?, then we may write any character x
defined mod n as x =[] xp, where x, is a character defined mod p“. If X is a group of Dirichlet
characters, then denote X, = {x, | x € X}. A character is called even if x (—1) =1 and odd if
x(—1)=-1.

Theorem 27. [13, Theorem 3.5] Let X be a group of Dirichlet characters and K the associated
field. Let p be a prime number with ramification index e in K. Then e =#(X ).

3. Quadratic case

Proof of Theorem 2. Recall from Lemma 16 that if a number field has a real embedding then it
cannot be 2-rational. Hence there are no real quadratic 2-rational number fields. For a quadratic
number field with even class number, Sk will generate the Sylow 2-subgroup of the class group
of K if and only if Pk is not principal and 7 g =2 mod 4.
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The genus number of an imaginary L as described in [3] is %, where ey, ..., e, are the

ramification indices of the ramifying primes p1, ..., p, in L. If more than 2 finite primes ramify
in K = Q(/n), then by the Genus formula, hx =0 mod 4. If n = —1, —2, or —p, where p is
a prime congruent to 3 mod 8, then hq /) is odd. If n = —p, where p is a prime congruent to
5 mod 8 or n = —2p, where p is a prime congruent to 3,5 mod 8 then hq /) =2 mod 4 by
Proposition 24. Now we have to show that Pg_ 4 is not principal. Hence, apply the norm to
K /Q. Hence Nk g(a + by/=2p) = a® + b*(2p) which should equal +2. This cannot happen.
Hence there are no algebraic integers of the form a + b/—2p whose norm is 2, where a, b € Z.
Whence Pgy /) is not principal, and Pg /) generates the Sylow 2-subgroup of the class group
of Q(4/n). Since G Sowm is a free pro-2 group on 2 generators by Theorem 15,
Zo U 7Zs.

If n = —p where p=1mod 8, orn = —2p where p =1, 7 mod 8 then hg_ /) =0 mod 4 by
Theorem 21 and Proposition 24. Now, suppose that the only ramifying primes in K are odd, say
pand g. Then Pk isinertin K and2 | hg. O

Gsoum =

4. Cyclic case

Proof of Theorem 3. Observe that either f> =4 or e; > 2. Note that every odd prime is tamely
ramified in L. Suppose the conductor of L has a unique prime factor. Hence the conductor is
either p or a power of 2. This is the case (1) and is easy to handle, because L is contained in
Q(¢gp) or Q(&,4) respectively. But if L has conductor with two prime factors, then L is contained
in Q(&ye ») which is the case (2). Here, we need a more subtle analysis. Observe that at least
one of the ramifying primes will have ramification index 4. By Genus theory (Section 2.2) we
know that /iy is even. If o(Pr) =1 or 8 | A, then L cannot be 2-rational. If o(Py) =2 in CI(L),
then by Lemma 16, L is 2-rational if and only if 2 || A7 and similarly if o(Pr) =4, then L is
2-rational if only if 22 || hr. Note that if A , isodd, then o(Pr) < 2.

If the conductor of L has more than two prime factors, i.e., if more than two finite primes
ramify in L, using Genus theory (Theorem 22), it is easy to see that the Sylow 2-subgroup of
the class group of L is too large for Py, to generate. We make use of Dirichlet characters to get
information about L and L. Examples of fields L which satisfy the class number condition
when the conductor has more than one prime factor, lie in Q(Z43) and Q(¢go). More details can
be found in Section 9.

If L/Q is a totally imaginary degree 4 cyclic extension, then the unique degree 2 extension
L4 /Q contained in L is totally real, because L is the fixed field of complex conjugation. Ob-
serve that when a divisor of p ramifiesin L/Ly, G, is not a subgroup of G S,

(1) Suppose L has conductor with a unique prime factor. Since L/Q is abelian, by the
Kronecker—Weber theorem L is contained in a cyclotomic extension Q(¢,r) for some prime
pand r > 1. Then

Gal(Q(,)/Q) = (2/p}')".

Suppose p =5 mod 8. Then 4 || p — 1. Hence there exists a cyclic extension of degree 4
over QQ contained in Q(¢,) C Q(Zpr). The fixed field of the maximal subgroup of odd order
in Gal(Q(£,)/Q) is a cyclic extension L of degree 4 over Q. But 2 is inert in L = Q(,/p),
hence inert in L. Moreover, since L/Q is a totally imaginary cyclic extension of degree 4 and
exactly one rational prime ramifies in L/Q, &y, is odd by Genus theory (Theorem 23).
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Table 1
Character table
o(x{) o(x) o(x$) Ly

1. 2 2 4 Q(/P), p=5mod 8
2. 1 2 4 -
3. 2 1 4 -
4. 1 1 4 -
5. 2 4 4 Q(/2p), p=1mod 8
6. 1 4 4 Q(/2p), p=5mod 8
7. 2 4 2 Q(2), p=5mod 8
8. 1 4 2 Q(W?2), p=3mod 8
9. 2 4 1 Q(W2)

10. 1 4 1 QW?2)

If p =3,7 mod 8, then 4 does not divide p — 1 and hence there is no extension of degree 4
over Q contained in Q(¢p). If p =1 mod 8, Q(¢,) contains a cyclic extension L of degree 4
over Q. But 2 factors in L where Q(,/p) C L C Q(¢p).

If the conductor of L is a power of 2, then L C Q(%,4). Here L is the unique imaginary cyclic
extension of Q(¢,4) of degree 4. Note that 77, = 1.

(2) Now suppose L has conductor with two prime factors. Note that L = QW?2), QG/p)
or Q(y/2p). Therefore L is contained in Q(¢4,). Then

Gal(Q(¢y:,)/Q) = Z/2Z x ZJAZ x Z/(p — 1)Z.

Observe that the above decomposition of the Gal(Q ({4 )/ Q) is not unique. Also the character
group of Gal(@(§24p)/Q) is isomorphic to Z /27 x Z/47Z x Z/(p — 1)Z. Now we introduce new
notation for characters for the sake of convenience. Let x; be a generator of Z/2Z, x» be a
generator of Z/47 and x3 be a generator of Z/(p — 1)Z, chosen in such a way that Q(7) is the
field of x; and Q(&,4 + C;l) is the field of x». Hence x; is an odd character and y; is an even
character. Every element of Z /27 x Z./4Z x Z/ (p — 1)Z is of the form Xf)(é’xg, where a € {0, 1},
be{0,1,2,3}andce(0,1,...,p—2}.Let2* | p—1.Then Z/(p — I)ZEZ/szxZ/(PT_kl)Z.

Since we are interested only in the degree 4, imaginary, cyclic extensions of (Q, we can assume
without loss of generality that x3 is a generator of Z/2*7Z. Let the field of x3 be the fixed field
of Z/ (p2—_kl)Z, hence x3 is an odd character. We look for odd characters of order 4 with 2 and
p as prime factors of the conductor i.e., characters with conductor 4p, 8p or 16p. Order of x{
can be either 1 or 2, order of Xé’ can be 1, 2, 4 and order of X3C can be either 1,2, ..., 2% with the
constraint that o(x{ xé’ X3) = 4. Moreover, since we demand that x{' xé’ x3 be an odd character,
exactly one of x{' or x5 is odd. Table 1 gives all possible orders of x{', Xzb and x5 to generate
degree 4 cyclic extensions of Q.

Let L1, L> and L3 denote the field of x¢, x% and x§, L> denote the field of x¢x2 and let
L denote the field of XfoX? If o(x{) =1, then L1 = Q and if o(x{') = 2, then L1 = Q). If
o(x3) =2, then Ly = Q(+/2) and if o(x3) = 4, then Ly = Q& + £;;'). Now, if o(x§) =4,
then L3 is a degree four cyclic extension of Q contained in Q(¢,) and if o(x5) = 2, then L3 =
Q(/ZEp), depending on whether p = £1 mod 4.

By Theorem 27, if o(Xlaxé’) =i, then e; =i in L and if 0o(x5) = j, then e), = j in L, where
i,j €{1,2,4}. Moreover, if ¢ =4 and ¢, =4, then L. = Q(y/2p), 4 | hy. If e =4 and
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ep =2, then Ly = Q(«/E), 2| by and in both the cases L C Q(&16p). Now, if e; =2 and
ep,=4,then Ly =Q(,/p) with p=1mod4,2|h; and L C Q(¢gp). Butife; =4 ande, =1,
then L C Q(¢p), and if e =1 and e, =4, then L C Q(¢,), hence we ignore lines 4, 9 and 10
from the character table. We also ignore lines 1 and 3, because the character ' Xf x5 is even. In
line 5, Xf is an odd character, moreover if p =5 mod 8 the character X3C would also be odd. In
lines 2 and 6, x{ and Xf are even, and the character x5 would also be even if p = 1 mod 8. From
line 2 in the character table we see that g > 1 in L if p =1 mod 8.

Now, let us have a closer look at line 5 of the character table. x{' has order 2 and Xf has order
4 and x5 has order 4 hence they yield the following diagram of number fields.

_ Q&) Q&) LipL3
- \
W ) /// : ‘
Ly=Q(u +65) I L‘3 i
, \
Ly : T T
| Q/P) Ly =Q/2p)
_QW2.0) T T
_ - \
-7 !
QW2) | Q Q
\
/ L1 =Q)

Q

Diagram of number fields corresponding to line 5 of the character table.

Now x{ is an odd character and x5 is an even character. But, x3 being an odd character,
implies that x5 is an even power of x3. Hence the order of x3 is at least 8. Therefore, p =
1 mod 8. Since O(Xfxé’x3c) =4,deg(L/Q) =4, also deg(Li2L3/L) =4. Observe that L1,L3/L
is an unramified extension as 2 is unramified in Q(¢,) and p is unramified in Q(¢,4). Observe
that4 | hy. If 4 | hy, then Lo L3 is the Hilbert 2-field of L. But o(Pr) < 2 as 2 splits in Q(,/p)
and hence Py, factors in LipL3. Hence we ignore line 5. Looking at line 6 from the character
table, we see that f> =4 in L3 and hence Py is inert in L1pL3. But, Bs, = 0 if and only if
o(Pr)=4and 4 | hy.

Because of the requirement that x{' Xf x5 be an odd character, in line 7 of the character table,
odd primes, whose prime divisors ramify in L/L4 are = 1 mod 4 and similarly = 3 mod 4 in
line 8. Looking at line 7 of the character table it is easy to see that if p = 1 mod 8, then 2 splits in
Q(/P), hence Py, factorsin LipL3. But o(Pr) <2.1f hy =2 mod 4, then L5 L3 is the Hilbert
2-field of L and Py, splits in L1, L3, whence Py, is principal.

In line 8 of the character table, observe that if p =7 mod 8, then 2 splits in Q(/—p), and
hence Pp splits in Li2L3. Whence Py is principal by an argument identical to the previous
paragraph.

What is remaining to show that Py, is not principal in L. Now if p is a prime congruent to
5 mod 8 (3 mod 8 respectively), then 2lp-1Qlp-1 respectively). But 2 is inert in the
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unique cyclic extension of Q of degree 4 (degree 2 respectively) contained in Q(¢,,). Note that 2

is unramified in Q(¢p). Hence 2 can factor in Q(¢,) into at most pT—l (pT_l respectively), both
odd number of factors, and so 2 will factor into odd number of factors in Q(gp4 p)- Hence Pp
cannot be principal in L, for otherwise by the isomorphism of class group of L with Gal(L/L),
via the Artin map, where L is the Hilbert class field of L, Py will factor in the genus field of L.
Moreover if Ly = Q(+/2p), then f> =4 in L3 and hence if 22 || hy, then o(Pr) = 4.

Suppose the conductor of L has more than two prime factors, then Genus theory (Theorem 22)
says that at least 4 | 2. Observe that for at least one of the ramifying primes, the ramification
index will be 4. If e = 2 in which case o(Pr) < 2 and h; = 0 mod 4. But if, e = 4 then it is
easy to see that either o(Pr) <2 and hy =0 mod 4 or o(Pr) <4 and h;, =0 mod 8.

Gs, is a free pro-2 group on 3 generators by (1) of Theorem 15. Therefore G, = Z, 11
Zo U Z». The description of the structure of GSL+ will given in Section 6. O

5. Biquadratic case

Proof of Theorem 4. Since g = 1, then either e =2 or e, = 4. Hence 2 is ramified in L.
Observe that if f, =4, then L is a cyclic extension of Q. Suppose we know that at most 2
finite primes ramify in L. Then L is an imaginary Klein 4-subfield of Q(¢g,). The elementary
2-abelian quotient of Gal(Q(¢g,)/Q) has rank 3. Hence there are 7 Klein 4-subfields, one of
which is real. The remaining 6 are exactly those of Theorem 4, if p = +3 mod 8.

Unlike Theorem 3, Theorem 4 has no class number condition. The reason is because in The-
orem 3 no subfield of L was 2-rational, while every L in Theorem 4 has a subfield which is
2-rational. Observe that since F = Q(+v/k) where k = C m")z is an imaginary subfield of L and
L/F is unramified outside the prime above 2 and infinity, it suffices to show that F is 2-rational
and by Lemma 17, L is 2-rational. But F in Theorem 4 is exactly one of the imaginary quadratic
2-rational number fields of Theorem 2. Also, observe that L_ is 2-rational by Theorem 2.

Lemma 28. Bs,, = 0 if Ly is any of the real quadratic subfields of Q(¢g,), where p is a prime
=+3 mod 8.

Proof. If L, = Q(,/p) where p is any prime, or if L; = Q(y/2p) where p is a prime
=3 mod 4, then Ay is odd by Theorem 21.

If m =2p where p =5 mod 8, then 4;, =2 mod 4 by Propositions 25 and 26. To show
that P;_ is not principal we apply norm to L /Q. Suppose Py, is principal, then Ny q(a +
by2p) = a®> — b*(2p) = £2. Which implies that a*> = 42 mod p. Since —1 = O mod p, we
have 2 =0 mod p. But 2 =0 mod p iff p = +£1 mod 8. A contradiction. Hence there is no
algebraic integer of norm £2 in L, and hence P is not principalin L. O

Now we determine the structure of G S, Since L/L is unramified outside Py, and the
primes at infinity, G, is a subgroup of index 2 in Gy, . Moreover Gy, has rank 3, hence we
can apply Theorem 10. Observe that there are 3 primes above 2 and infinity in L, namely
{PL,,001,002}. Therefore by the rank formula for G Sp,» We have 3 generators for G S, and
by the relations formula, GSL+ has 2 relations. We have GSL+ /Fr(GSL+) = Cy x Cy x Ca.

~

Now by a trivial case of Leopoldt’s conjecture, L has a unique Z;-extension. Hence G‘glz =
+

Cor X Cy1 X Z, for some k, I > 1. Hence, applying Theorem 10, we have that GSL+ = (Crx U
(Ca x 1)U Zy or (Cr x Zp) LI (Cy x 1), but the latter has 3 relations and the former has only 2,
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whence G Sey = (C, U C, U Z, [see Remark 31 for further explanations on how we obtained the
structure of Gy, _ |. Thus k =/ = 1. Hence by Lemma 17, we see that G, is a virtually free
pro-2 group.

To complete the theorem we need the following auxiliary results.

Lemma 29. If only two finite primes ramify in L, then L is 2-rational if and only if L is one of
the imaginary biquadratic subfields of Q(¢s,) where p = £3 mod 8.

Proof. We have already shown that if L is any one of the imaginary biquadratic subfields of
Q(¢sp) where p = +3 mod 8, then L is 2-rational. To prove the converse, let L be any imaginary
biquadratic subfield of Q(¢s,) where p ==+1 mod 8. Then, F = Q(/—2p) or Q(/=p). Now,
hr =0 mod 4 or 2 splits in F. But L/F is totally ramified, whence A7 = 0 mod 4 or 2 factors
in L. But Pf is principal. O

Proposition 30. If more than two finite primes ramify in L, then L is not 2-rational.

Proof. We are interested only in imaginary biquadratic fields L in which 2 ramifies and does
not factor. If three finite primes 2, p and ¢ ramify in L, then L is contained in Q(¢g pq)> and L

is one of the following biquadratic fields. Q(/*p, /*q ), Q(W/*2p, /*q ), Q(/*2p, /*2q ),
Qa, V*pq), Q(V*2, /*pq) where x = £. If e = 4 in L, then the genus number of L is 4 and

the genus field L is a Klein 4-extension of L. Hence P, cannot generate the 2-part of the class
group of L.

However, if e =2 in L, then the genus number of L is 2 and the genus field Lisa degree
2 extension of L. If h; =0 mod 4, then Py cannot generate the 2-part of the class group of L.
But, if the h; =2 mod 4, then we need more subtle analysis. Here we somehow need to show
that P; cannot generate the 2-part of the class group of L. One way to do this is by showing
that Py, splits in L. Observe that L is one of the following subfields of Q(¢gp,), namely L (i),

L(«/_) L(\/xp) or L(,/*q ) where * = £. It is easy to see that I will contain Q(\/—) where
d =1 mod 8 and d is either =p, +q or £pg. Observe that Q(\/_) does not lie in L. But 2
splits in Q(+/d), where d = 1 mod 8, and hence Py will split in L. Then we can show that Py is
principal in L by looking at the Artin map restricted to the Sylow 2-subgroup of the ideal class
group of L.

Suppose more than 3 finite primes ramify in L. If e; = 2 then PL2 is principal. Using the genus
formula, the genus number of L is multiple of 4 and hence #; = 0 mod 4. Similarly, if e, =4,
then the genus number of L is multiple of 8 and the Ay, =0 mod 8. O

Remark 31. In the argument given in the proof of Theorem 4 for capturing the structure of G, . ,
we do not consider the case when GSL+ = (Cy x Zy) U Z, even though it has 2 relations and
3 generators which is exactly what we are after. The reason is the following. Suppose G is a
pro-p group and G = H I F, where H and F are pro-p groups. Then the abelianisation of G;
namely G = H® x F?_ Note that the free pro-p product becomes a direct product in the
abelianisation. Hence if we were to go with the above structure of G Sty then G“IL’+ would be

Cy X Zy x Z». Which would imply that L has 2 independent Z,-extensions. A contradiction.

Remark 32. It is known that the p-rational fields satisfy Leopoldt’s conjecture [8]. A natural
question is whether the virtually free pro-p fields, i.e., number fields K, for which the Gg is
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virtually free, satisfy Leopoldt’s conjecture. The answer is yes. Because, virtually free pro-p
fields have a field extension which is p-rational, and by [9, Proposition 10.3.13] if the Leopoldt’s
conjecture is true for a prime p and a number field K, then it is also true for p and every subfield
of K.

Remark 33. If m is a prime congruent to 3 mod 8 and n = —1 or if m = 2p where p is a prime
congruent to 3 mod 8 and n = —2, then Gy, is the inertia subgroup of G, , for the prime P, .
Note that in case (c), G5, is not a subgroup of G, . .

Remark 34. The cohomological dimension of Gy, is one, since G, is a free pro-2 group [12,
p- 23]. But the cohomological dimension of GSL+ is infinity, since GSL+ =C,UCyUZy and
using [9, Theorem 4.1.4] and observing that C; is cyclic.

6. Cyclic case revisited

We will describe the structure of G5, of Theorem 3. Observe that except in the case when 2
is the only ramifying prime in L, G, is not a subgroup of G5, . as divisors of odd primes ramify
in L/L . Hence we cannot apply Theorem 10 directly. Observe that every L, of Theorem 3 is
one of the L of Theorem 4, hence we see that the biquadratic number field L of Theorem 4 is
a degree 2 extension of L which is unramified outside the primes above 2 and infinity. Hence
the structure of G5, of Theorem 3 is identical to the structure of G, , of Theorem 4.

7. Virtually free case

Proof of Corollary 5. All the degree 4 extensions of Q we investigate in this paper are normal.
Theorem 4 characterizes all degree 4 normal extensions of (Q which are 2-rational and contain K,
hence the proof follows. Observe that K is virtually free. O

8. Minimal 2-rational case

Proof of Corollary 7. Observe that G So = C, U Z, by Theorem 15, hence Q is not minimal 2-
rational. By Theorem 4, it is easy to see that no biquadratic extension of Q is minimal 2-rational.
Hence any minimal 2-rational degree 4 normal extension of @Q must be cyclic over Q. Proof of
the cyclic case follows from Theorem 3. O

9. Examples of L for conductor with prime power factors in Theorem 3

Here is a compiler ready Magma code to show that number field L exists with the given class
number condition.

K := CyclotomicField(80);
M := SubfieldLattice(K);
for ent in M do
L := NumberField(ent);
if Degree(L) eq 4 then
N := SubfieldLattice(L);
for entin N do
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F := NumberField(ent);

if Degree(F) eq 2 then
print “sig =", Signature(L), “clnum =", #ClassGroup(L),
“sig =7, Signature(F'), “clnum =", #ClassGroup(F');

end if;

end for;
end if;
end for;

The program loops through all the degree 4 extensions L of QQ contained in Q(¢gp) and then
for each L it loops through all the quadratic extensions F of Q contained in L. The signature(L)
gives the number of real embeddings followed by the number of pairs of complex embeddings
of L and the “clnum” gives the order of the class group. If L is totally imaginary cyclic of
degree 4, then it will have only one quadratic subfield F, moreover F being real. Observe that if
F = Q(ﬁ ) or Q(\/g ), then hr = 1 and by Genus theory %/ is even if the conductor of L has
more than one prime factor. If F' = Q(+/10), then hp =2 and by Genus theory 4 | hp .

Now, x3: (Z/57)* — C*, defined by x3(2) =i. Now if ¢ = 1, then o(x3) = 4 and the field
of x3 = L3 = Q(¢s). Moreover, x; is a generator of Z/27Z. Now, looking at lines 2 and 6 of the
character table, one observes that a = 2 and hence o( X12) = 1.If b =1, then 0o(x2) = 4. Therefore
L, =Q(+/10). Looking at the output of the Magma code one can see that /1; = 4 or 20. Observe
that there are two fields above L = Q(m ). One of them is generated by X12 X2 x3 and the other
by X12X2)E = X12X2X§’- But in either case 22 || k7. Now, if b = 2, then 0()(22) = 2 and using the
character table one can see that L = Q(«/g ) and h; = 2. Let us consider the case when ¢ = 2.
Then 0()(32) = 2 and the field of X32 =Lz =Q/5). Again using the table one can observe that
b=1anda=1and L, =Q(+/2). The output of the Magma code gives h; = 2.

The Magma code when L is contained in Q(g4g) is identical. Here x3 : (Z/3Z)* — C*,
defined by x3(2) = —1 and the field of x3 = L3 = Q(+/=3). Line 8 of the table says that ¢ = 1,
b=1anda=2.Hence L, = Q(~/2). Then one can see from the Magma output that ~; = 2.

10. Future work

To characterize quadratic number fields which are not 2-rational but have a degree 2", n > 1,
extension not necessarily Galois over Q, but are 2-rational. Also, characterize p-rational number
fields and virtually free number fields K which have a degree p-extension L such that L is
p-rational and L/K is unramified outside the prime divisors of p and infinity, where p is odd.
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