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Abstract. The first part of the paper contains an overview of Network Algebra (NA) book
[35]. The second part introduces finite interactive systems as an abstract mathematical
model of agents’ behaviour and their interaction.

Network Algebra: This book is devoted to an algebraic study of networks and their
behaviour. The kernel of the involved algebraic structures is BNA (Basic Network
Algebra) structure. These axioms are sound and complete for (abstract) networks
modulo graph isomorphism. Branching constants are added to the BNA signature,
together with the corresponding weak axioms leading to an axiomatization for net-
works with branching constants, modulo graph isomorphism. Strong and enzymatic
axioms for branching constants are used to depart from graph isomorphism models.
Using them, Elgot theory may be introduced, as a sound and complete axiomatiza-
tion for input behaviour (regular trees). Extensions to the input—output behaviour
of deterministic networks (Park theories) and of nondeterministic networks (Kleene
theories) are included.

These general results on abstract networks are then specialized on certain partic-
ular cases including flowchart schemes, finite automata, process algebra, data-flow
networks, or Petri nets.

Finally, a brief presentation of the Mixed Network Algebra models is included in
NA book. These models are obtained mixing network algebra models for control,
space, and time. A few results are presented, including a challenging space-time
duality thesis. Many interesting questions risen by this model are open.

Finite interactive systems: The second half of the paper introduces finite interactive
systems, an abstract mathematical model of agents’ behaviour and their interaction.
Finite interactive systems may be seen as a version of the Mixed Network Algebra
where the mixture is made at the Kleene theory level. Its aim is the fill in the gap
between behaviour and class diagrams used in modern (UML) system design [4].
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1. An overview of Network Algebra approach

1.1. KEY FEATURES

The term network is used in a broad sense here as consisting of a collection
of interconnecting cells.

1.1.1. Models
Two radically different interpretations of this enlarged notion of network
are particularly relevant. First, virtual networks are obtained using the
Cantorian interpretation in which at most one cell is active at a given
time. With this interpretation, Network Algebra (NA) covers the classical
models of control, including finite automata or flowchart schemes. In a
second Cartesian interpretation, each cell is always active. This implies
models for reactive and concurrent systems such as Petri nets or data-flow
networks may be covered as well.

These two interpretations may be mixed. A sketch of the resulting much
more complicated Mixed Network Algebra (MixNA) models is included, as
well.

1.1.2. Algebraic structures

The results are presented in the unified framework of the calculus of flowno-
mials. This is an abstract calculus very similar to the classical calculus of
polynomials.

The kernel structure is the BNA (“Basic Network Algebra”). After their
introduction in the context of control flowcharts setting [33], the BNA
axioms were rediscovered in various fields ranging from circuit theory to
action calculi, from data-flow networks to knot theory (traced monoidal
categories), from process graphs to functional programming.

In general, the involved algebraic structures are BNAs enriched with
branching constants and additional specific axioms. The branching con-
stants are specified by zy with z € {a,b,¢, d} and y € {a,f,7,0}; the
axioms are divided into three groups: weak, strong, and enzymatic axioms.

As already said, an important feature of the NA approach is the uniform
presentation of many apparently unrelated models which have appeared in
the literature. A few such structures are described below.

(1) BNA (case aa-weak, ac-strong, aa-enzymatic): any transformation
which preserves the graph-isomorphism relation is valid (no duplication
or removal of wires or cells is permitted);

(2) zy-symocats with feedback (case zy-weak, aa-strong, aa-enzymatic):
in these cases duplication or removal is permitted for wires, but not for
network cells;
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(3) Elgot theory (case bd-weak, ad-strong, ad-enzymatic): in this setting,
networks may be completely unfolded to get “regular” trees; Elgot theory
axioms capture the transformation rules that are valid for these trees;
(4) Kleene theory (case dé-weak, dd-strong, dé-enzymatic): in this setting,
the input-output sequences modeling network behaviour define “regular”
languages; Kleene theory captures all the identities which are valid for
regular languages (flownomial and regular expressions are equivalent in
this context);
(5) Park theory (case bd-weak, bé-strong, bd-enzymatic): this is a setting in-
between Elgot and Kleene theories; it deals with input-output behaviour,
but in the deterministic case;
(6) Cazanescu-Ungureanu theory (case bé-weak, ad-strong, aa-enzymatic):
this structure is a BNA over a coalgebraic theory; Floyd-Hoare logic for
program correctness may be developed in this setting;
(7) Conway theory (case dé-weak, dd-strong, ac-enzymatic): this structure
is a BNA over a matrix theory; this setting suffices for proving Kleene
theorems;
(8) Milner theory (case di-weak, ad-strong, ad-enzymatic): this setting
may be seen as a lifting with weak constants of the Elgot theory to the
nondeterministic case; this setting is used to build-up process algebra.
This ability of the calculus of flownomials to cover many particular
algebras may be a good motivation for the reader to follow this, maybe too
abstract, calculus.

1.1.3. -Results
The main results presented in the book include: axiomatizations for iso-

morphic networks without or with branching constants; axiomatizations
for several classes of relations; axiomatizations for regular trees or regular
languages; the Universality Theorems; the Structural Theorems; correct-
ness of Floyd—Hoare logic; the duality between flowcharts and circuits;
correctness of ACP (Algebra of Communicating Processes) with respect
to bisimulation semantics; axiomatization for input—output behaviour of
deterministic data-flow networks; a Kleene-like theorem for Petri net lan-
guages; a construction of the free distributive category; the space-time
duality principle.

1.2. A BRIEF INTRODUCTION TO NETWORK ALGEBRA

In this introduction we briefly present the calculus of flownomials, a unified
algebraic theory for various types of networks. This approach is the result
of an effort to integrate various algebraic approaches used in computer
science.
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We may agree: a variety of models is desirable. Then, one may use the
most appropriate one for the task. But the models should not be completely
unrelated. If so, there will be no transfer of information, results, techniques,
etc. with the undesired result of duplication of effort and lost of time.

As a source of inspiration, one may look at the marvelous world of
polynomials. There is a lot of freedom to accommodate various models,
but still within a clear and unique (or coherent) algebraic framework.

Flownomials were designed with the explicit intention to inherit some
of the qualities of polynomials. The motivation for their introduction comes
from particular concrete models of computation, but the result is an ab-
stract mathematical model that may be used whenever the underlying rules
are valid. (A striking example is the coincidence of the kernel BNA structure
of the calculus of flownomials [33] with the later introduced traced monoidal
categories occurring in the study of quantum groups [21].)

Flownomials may be used as a mechanism for translating facts from one
field to another, or, furthermore, may transform themselves into their own
field from where translation to particular models is straightforward.

1.2.1. Regular expressions

A basic calculus for sequential computation is provided by Kleene’s calculus
of reqular expressions, see, e.g., [23], [11]. It has a simple syntax and a simple
semantics. The regular expressions over a set of atomic symbols X, denoted
as RegExp(X), are given by the following grammar

Ew=E+E | E-E | B | 0] 1] z(eX)

In the standard semantics regular expressions are interpreted as lan-
guages, i.e., sets of strings. The operations are interpreted as “union,”
“catenation,” and “iterated catenation,” respectively, while the constants
are interpreted as “empty set” and “empty string,” respectively.

This calculus is a basic calculus for sequential computation and has
a broad range of applications in the design and analysis of circuits and
programming languages, study of automata and grammars, analysis of
flowchart schemes, semantics of programming languages, etc.

However, the calculus has a strong, but less visible, restriction. In order
to handle complex objects like automata, grammars, circuits, etc. one has
to add one more operation to the above syntax, namely a matriz building
operator: if a;j,1 € [m],j € [n] ([k] denotes the set {1,2,..., k}) are expres-
sions, then the matrix (a;;) is an (extended) expression. Such an expression
is then used to specify the behaviour of a complex object with m inputs
and n outputs.
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By changing the point of view from “elements” to such “complex ob-
jects,” one may see that the above construction is based on the following
restriction:

Matrixz theory rules: reducing m-to-n to 1-to-1 networks

e Let f : m — n denote the behaviour of a network F' with m input
ports and n output ports.

e For i € [m},j € [n], let f;; denote the behaviour of the network
obtained by restricting F' to its i-th input and j-th output only.

e By the matrix theory rules, f is uniquely determined by these f;;.

This is a very strong restriction indeed and it makes the calculus un-
suited for many computation models. In particular, as is well-known, in
such a framework one may rather freely copy or discard network cells, a
questionable property in certain cases.

1.2.2. Iteration theories

An algebraic setting in between regular expressions and the calculus of
flownomials is provided by an algebraic theory modeling flowchart schemes
or data-flow networks. In such a case a weaker hypothesis is used. !

Coalgebraic theory rules: from m-to-n to 1-to-n networks

e Let f: m — n denote the behaviour of a network F' with m input
ports and n output ports.

e For i € [m], let f; denote the behaviour of the network obtained
from F' by considering only its i-th input port (all the output ports
are preserved).

e By colgebraic theory rules, f is uniquely determined by these f;.

The resulting algebraic calculus is more general than the calculus of
regular expressions and it is useful to study certain semantic models, see,
e.g., [12], [3], [26]. However, it is still restrictive and no simple syntactic
model similar to Kleene’s model of regular expressions exists.

1.2.3. Flownomials

The calculus of flownomials may be seen as an extension of the calculus
of regular expressions to the case of many-input/many-output atoms. Its
main ingredients were presented in a series of papers, including [31], [32],
[33], [9], [10]; see [35] for more on this.

! In the given form the hypothesis fits with the semantic models of flowchart schemes.
The case of data-flow models is dual, i.e., a many-output network is specified as a tuple
of single-output ones.
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Symocat rules: atomic m-to-n networks

Using symocats (shorthand for symmetric strict monoidal categories),
no reductions of a network behaviour f : m — n to certain parts is
a priori possible. The network is atomic; its behaviour cannot be
decomposed into simpler parts.

The calculus of flownomials is an abstract calculus for networks (=
labeled directed hyper-graphs) and their behaviours. It starts with two
families of doubly-ranked elements:

— & family of variables X = {X(a,b)}a,bcMm; these variables denote “black
boxes,” i.e., atomic elements with two types of connecting ports: input
ports (described by a) and output ports (described by b).

— a connection structure T = {T'(a,b)}qperr; the elements in T' model
known processes between the input/output interfaces; e.g., its elements
may model the flow of messages that are transmitted via the connecting
channels between the input/output pins; this is the “known” (or “in-
terpreted”) part of the model; the flownomial operations are supposed

to be already defined on this part.

M = (M, x,¢) is a monoid modeling network interfaces; if M is a free
monoid, then an interface may be considered as a string of atomic ports/pins.
We also use the functions 3 : ... — M and o : ... = M that give the
corresponding interfaces for inputs and outputs, respectively.

Flownomial expressions over X and T are specified by: 2

Ev=ExE|E-E|E1 || x| AL | VE |z(e X) | f(€T)

where a,b,c € M and k € IN. Let FlowExp[X, T] denote their set.

The collection of flownomial expressions is obtained starting with the el-
ements in X and T, certain constants (to be described below), and applying
three operations:

juztaposition “x”, composition “”, and feedback “1”

Juxtaposition f g is always defined and i(fxg) = i(f)*i(g) and o(fxg) =
o(f) x o(g). The composite f - g is defined only in the case o(f) = i(g) and,
in such a case, i(f - g) = i(f) and o(f - g) = o(g)- The feedback f 1¢ is
defined only in the case i(f) = a x ¢ and o(f) = b * ¢, for some a,be M
and, in such a case, i(f 1°) = a and o(f 1¢) = b. (Technically, a condition

2 Notice the simple way regular expressions fit in this setting: this is the particular
instance where M = (IN,+,0) and 0 = Ag- VY, 1:=h(= Al=VY), f+g:=NA5-(f*g)-
Vi, fog=1f-g fro=M-0+ )N
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a*c=a *xc= a=a is necessary for the feedback case; it is valid when
M is a free monoid.)

The acyclic case refers to the case without feedback.

The support theory for connections T' should “contain” certain finite
binary relations. The main classes used below are: bijections IBi, functions
IFn, partial functions IPfn and relations IRel. At the abstract level, this
means that we should have some constants generating these relations. The
collection of constants used for this purpose is:

identity la, (block) transposition *X®, (block) ramification A,
and (block) identification V¥, where a,b € M and k € IN

The types of constants are as follows: i(lg) = o(ly) = a; i(*X®) = a*
b, 0o(*X?) = bxa; i(Af) = a, o(AL) = ax...xa(k times); i(VE) =ax...x
a(k times), o(VF) = a. '

Each of the above classes of relations (and 13 other classes) may be
generated using certain sub-collections of these constants only. To specify
them one has to restrict the using of the branching constants A, and V®
as follows:

Restrictions on branching degrees

e Restriction z = a means the constants of the type A%, always have
m = 1; restriction £ = b means m < 1; £ = ¢, means m > 1; and
z = d means no restriction (arbitrary m).

e Restriction y is defined in a similar manner, using n of the constants
Vg and the corresponding Greek letters.

The notation zy, where = € {a,b,c,d} and y € {a, 8,7, 8}, refers to the
class of relations generated with branching constants satisfying restriction
zy. E.g., aa refers to bijections, ad to functions, b to partial functions, dd
to relations, etc.

For flownomials we may single out certain abstract algebraic structures
to play the role the ring structure is playing for polynomials. They are
extensions of a basic algebraic structure, called BNA (Basic Network Al-
gebra), or aa-flow, which uses | and X in its definition only (no branching
constants). The critical axioms used to define these extensions are:

(1) commutation of the branching constants to the other elements

f-n = Ng- (k)
VE f = (kf) VE

where f:a = band kf = f*x...x f, k-times.
This axiom scheme is used in two ways:
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(1a) In the weak variant it is used only for certain ground terms fs.3
(1b) In the strong variant it applies to arbitrary f’s.
(2) enzymatic aziom for the looping operation
f-(pxz)=(laxz) g implies f1°=g1

where z : ¢ — d is an abstract relation and f : axc = bxc, g:axd — bxd

are arbitrary elements.
Roughly speaking (see Subsection 1.2.4 for more precise definitions):

— an zy-symocat (shorthand for zy-symmetric strict monoidal category)
is the acyclic structure defined using the weak commutation for all
Ty-terms,

— in a strong zy-symocat, the strong commutation axioms hold for all
ry-terms,

— finally, an zy-flow is: (1) a BNA over an zy-symocat, which is (2) a
strong zy-symocat, and (3) obeys the enzymatic axiom whenever z 1s
an abstract xy-relation.

A large number of algebraic structures may be obtained by choosing
the branching constants and certain weak, strong or enzymatic axioms for
them. This freedom gives flexibility to the calculus which is well-suited to
model various kind of networks and equivalences.

Classification using weak/strong/enzymatic scheme

The main algebraic structures used in NA book are defined as
BNA + z;y;1-weak + Toyz-strong + T3y3-enzymatic

The first restriction z,y; shows what branching constants may be
used, the second z2y, which branching constants strongly commute
with arbitrary arrows, and the third x3ys for which branching con-
stants the enzymatic rule may be applied. (Usually z1y1 2 Z292 >
z3y3, where “>" means more constants, hence weaker restriction.)

Polynomials may be seen as classes of equivalent polynomial expressions.
In a similar manner, flownomials are defined as classes of equivalent flowno-
mial expressions under an appropriate relation of equivalence. (However, we
have various classes of flownomials, for various restrictions zy.) Moreover,
in both calculi there are two equivalent ways to introduce such equivalences:

3 A ground term, or an abstract relation, is a term written with the flownomial opera-
tions and certain constants in |, X, A, vk, A ground zy-term, or an abstract zy-relation,
is a term which may be written using only constants fulfilling restriction zy.
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(1) by using the rules of the appropriate algebra, or (2) by using normal
form representations.

For the first way, a standard equivalence ~, on flownomial expressions
may be introduced using zy-flow rules.

The second way to define such an equivalence is to use normal form
flownomial expressions. Such an expression over X and T is of the following
type:

((lg % 21 % ... * xg) - f) pE@E*xi(zE)
with f :axo(z1)x...x0(zx) = bxi(zy) *...xi(xx) in T and 1, ...,z in
X. Then, two normal form flownomial expressions F' = ((lg 21 % ... % Zy,) -
f) 1iERH(zm) and G = ((la*yy * . .. xyp) - g) 1EEV**n) are similar via
a relation r : m — n iff

(i) (GJ) er=zi=y;;

(i) f-(pxi(r)) = (laxo(r))-g.
Herei(r) represents the “block” extension of r to inputs (e.g., for a free
monoid M, if r relates two variables x; and y;, then i(r) relates the 1st
input of z; to the 1st input of y;, the 2nd to the 2nd, and so on); similarly
o(r) denotes the block extension of r to outputs.

Simulation is reflexive, transitive, and compatible with the flownomial
operations, but not symmetric. The generated congruence, denoted (%, is
the equivalence relation generated by simulation via zy-relations.

It turns out that <% coincides with ~gy in the basic cases studied in
NA book: aca, ad, bd, or dé (sometimes the proofs require certain additional

. conditions). Generally speaking, ~g, is coarser.
A basic model is [T, X],y, i.e., the algebra of normal form flownomial

expressions modulo <% equivalence. Another one is FlowExp[X, T, con-
sisting of classes of ~.,-equivalent normal form flownomials over X and T'.
The above fact shows that these models are isomorphic in the basic cases
aa, ad, bd, and do.

1.2.4. Basic algebraic structures

A few basic algebraic structures used in the calculus of flownomials are
described below, with a brief description of the basic features of these mod-
els. The axioms are listed in Table I. We start with the graph-isomorphism

- models.

BNA Case (aa-weak, aa-strong, aa-enzymatic): axioms I-1I
This is the basic algebraic structure we are working with. In this
setting, one may represent cyclic networks. The cells in X may have
multiple input or output pins. The signature allows us to use only bi-
jective relations. More sophisticated connections may be used, but only
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TABLE I. The standard axioms for the ca.lculus. of flownomials

I. Axioms for symocats IL.
Bl fx(gxh)=(fxg)xh R1
B2 lexf=f=Ffx*l R2
B3 f-(9g-h)=(f-9)h R3
B4 la-f=f=Ff-b
B5 (fxf)-(gxg)=f-gxf-¢ R4
B6 laxlp = laxb R5
B7 X . %X =g R6
B8 X% = (°XP x 1) - (Ip % *X) R7
B9 (fxg)-X!=°X"-(g%f)
for f:a—c, g:b—d

III. Axioms for (angelic) branching
constants, without feedback
Ala A% (A%x1) =A% (la x A?)
Alb A% (L%xl,) =1l
Alc  (Vaxla)-Va= (la*xVa) Va
Ald (Taxla)-Va=la
A2a A®.9X% = A7
A2b  %X% -V, = V.
A3a T,-1%=1l
A3b T -AN*=TaxT,
A3c Vg -l1%=1%%x1°
A3d V.- A% =

(A% % A%) - (la % ®X* x 1) - (Va * Va)
A4 A% Vo =g
Aba  1®P=1%%1"
A5b A% = (A% % Ab) - (Ia % ®XP % 1)
A5c” Ta*b = Ta * T
A5d  Vauws = (la x°X* % 1p) - (Va * Vs)
[ASe L°=I.
A5 A=
Asg  T.=l
A5h V=1

Axioms for feedback

f-(g1)-h=((fxl) g-(hxl))1t*
frgte=(fxg9)1°

(f - (lox 9)) 1= ((la x g) - £) 1¢

for f:axc—bxd, g:d—c
fr=f

(f %) to=f1o**

IaTa: le

O,XOTO.: 'a

IV. Feedback on
branching constants

(angelic)

R8 A®1°=T,
ROV, fe= 1°
R10  [(la % A%) - (°X® % 1)

(la * Vo) 1= la

V. The strong axioms

Sa f-lb=1°
Sb f A=A (fxf)
Sc¢ Ta-f=Ts
Sd Va-f=(f*xf) Vs

VI. The enzymatic rule (E is a class of finite, abstract relations)

Enzg:

if for f:axc— bxcand g:axd—bxd there exists y:c—>din E

such that f- (Il xy) = (la xy) - g, then f =g 4
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within the connection theory 7. Any transformation which preserves
the graph-isomorphism relation is valid. This is a linear-like setting:
no duplication or removal of network cells is permitted.

zy-symocats with feedback Case (zy-weak, aa-strong, aa-enzymatic):
I-1T and III-IV(using zy constants)
Only 9 cases are allowed for zy, namely those with z = b, or y = 8,
or zy € {ac,dé}. In these cases branching constants are added to the
syntactic part of the calculus. They come with appropriate algebraic
rules, which were designed in such a way: (1) to be strong enough to
allow usual relations with their (angelic) operations to be mapped in
these structures, and (2) to preserve the graph-isomorphism setting.
Hence, duplication or removing is permitted for connections/wires, but
not for network cells.

Together with BNA, the next 3 cases enter into the category of zy-flows.
In these cases, all three conditions (weak, strong, enzymatic) are applied
for the same class of relations, with a slight exception for the weak case,
where actually the closure of the restriction to feedback has to be used.

Elgot theory Case (b-weak, ad-strong, ad-enzymatic):
I-1I, III-IV (using T,V, 1), V(Sc-d), VI (for E = IFn)
In this case, by the ad-strong rules one can safely restrict to single-input
networks, variables, etc. As a byproduct, such networks may be com-
pletely unfolded to get “regular” trees. Elgot theory axioms capture
the transformation rules that are valid for these trees. Rather different
networks may produce the same unfolding tree, but the enzymatic rule
(together with the other ones) suffices to identify them.

Kleene theory Case (dd-weak, di-strong, dé-enzymatic): I-V, VI(IRel)
Kleene theory does the same as Elgot theory, but for input—output
computation sequences (paths) for nondeterministic networks. In this
case, due to the dé-strong rules, one can restrict to single-input /single-
output networks, cells, etc. For these networks input-output sequences
may be defined, producing the associated regular languages. Kleene
theory captures all the identities which are valid in this model. (Ac-
tually, flownomials and regular expressions are equivalent in this con-
text.) Again, the enzymatic rule proves to be of crucial importance in
the proof of axioms’ completeness.

Park theory Case (bd-weak, bd-strong, bd-enzymatic):
L1, III-IV(T, v, 1), V(Sa,Sc-d), VI(IPfn)
This is a setting in-between Elgot and Kleene theories. It deals with
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input—output behaviour, but in the deterministic case. Hence matrices
cannot be used here. While this case has not (yet!) the widely recog-
nized value of the two cases above, it has its own beauty. For instance,
the Structural Theorem modeling deterministic minimization 1s an in-
teresting and nontrivial extension of the one for Elgot theories, but still
the proof is clean, with a rather natural additional “identification-free”

hypothesis.

Three more cases deserve some special attention. In these structures,

there is a mismatch between the restrictions used for the weak, strong, and
enzymatic rules.

Cizinescu—Ungureanu theory Case (bd-weak, ad-strong, aa-enzymatic):

-1, TII-IV(T, Vv, 1), V(Sc-d)
Cizinescu-Ungureanu theory is a BNA over a coalgebraic theory.
Floyd-Hoare logic for program correctness may be developed in this

setting.

Conway theory Case (dd-weak, d§-strong, aa-enzymatic): I-V

This case is similar to the above one, so a Conway theory is a BNA
over a matrix theory. This setting suffices for proving Kleene theorems.

Milner theory Case (dd-weak, ad-strong, ad-enzymatic):

I-IV, V(Sc-d), VI(IFn) ,

This may be seen either as a lifting (with weak constants) of the
Elgot theory to the nondeterministic case, or as a relaxation of Kleene
theory, preserving the strong and enzymatic rules just for functions.
This setting is used to build-up process algebra.

1.2.5. Basic results
The main results on the calculus of flownomials presented in NA book are:

Expressiveness results: Various classes of networks are represented by

flownomial expressions over appropriate connecting theories. E.g.: (a)
nondeterministic networks are represented by flownomials over IRel;
deterministic networks are represented by flownomials over IFn, etc. (b)
networks with value passing channels are represented by flownomials
over relational semantic models AddRel(D)/MultRel(D); (c) higher or-
der flownomials are represented by flownomials over other flownomials.

Axiomatization results: Correct (i.e., sound and complete) axiomatiza-

tions for the classes of equivalent networks with respect to various
natural equivalence relations are presented. E.g., BNA axioms are
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correct for graph isomorphism; xy-symocat with feedback axioms are
correct for graph isomorphism with various constants; Elgot theory
axioms are correct for deterministic input behaviour; Milner theory
axioms are correct for nondeterministic input behaviour (bisimilar net-
works); Park theory axioms are correct for deterministic IO behaviour;
Kleene theory axioms are correct for nondeterministic IO behaviour.

Uniformity: All the axiomatization results above are proved in an ab-
stract setting, namely in the case the connecting wires are represented
by morphisms in an appropriate abstract theory. Hence we have uni-
form proofs that may be used, for example, to the case of connections
made by simple wiring relations, or by message passing channels, or by
other flownomials. On the other hand, the proofs are ordered within
a natural framework: from the simplest case of BNAs, to the most
complicated case of Kleene theories.

Universality: In such an abstract setting the correctness problem consists
of the preservation of the algebraic structure when one passes from
connections to classes of equivalent networks. This problem is solved
by theorems of the following type (in cases b and dé the proofs are
done under some mild additional conditions for the connecting theory
T): If T is an zy-flow, then [X,T),;y is zy-flow; moreover, (X, Tz,
forms the xy-flow freely generated by adding X to T

If one replaces “flownomials” by “polynomials” and “xy-flow” by “ring,”

then one gets the classical universal property for polynomials. In partic-
ular, this result shows that one may use standard algebraic refinement

methods.

Special networks: The calculus of flownomials is general enough to cover
various types of networks, including flowchart schemes, automata, data-
flow networks, Petri nets. (A process algebra version, re-cast in the
timed-NA framework, may, perhaps, be included as well; in the current
approach, process algebra has no “identities.”)

Modularity: The approach is variable-free with respect to interface ref-
erences. As a byproduct a high degree of modularity is achieved. One
may freely shifts pieces of networks from one part to another.

1.2.6. Mized calcule
Appropriate instances of the NA models may be found for control (flowcharts),

space (data-flows) and time (processes). A very promising line for cur-
rent research is to mix such models in order to have a unique calculus
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for all these features of the computing systems. This may lead towards
an algebraic calculus for (concurrent, object-oriented) software systems. A
few results are presented, including a challenging space-time duality thesis.
Many interesting questions risen by this model are open.

The second part of this paper contains a detailed introduction to finite
interactive system, which may be seen as a version of the Mixed Network
Algebra where the mixture is made at the Kleene theory level.

2. Finite interactive systems

2.1. INTRODUCTION

This section gives a brief introduction to finite interactive systems, an
abstract mathematical model of agents’ behaviour and their interaction.

The agents we a talking about are those specified in standard concurrent
object-oriented languages (COOP). The key point is the observation that
planar words may be seen as interaction running patterns for programs writ-
ten in these COOP languages much in the same way as usual words/paths
represent running paths of classical sequential programs. Then, finite inter-
active systems may be seen as a kind of two-dimensional finite automata
melting together a state transforming automaton with a behaviour trans-
forming one (this latter transformation is responsible for modeling the
interaction of the threads generated by the first automaton).

2.2. PLANAR WORDS AND REGULAR EXPRESSIONS

2.2.1. Planar words
A planar word is a rectangular two-dimensional area filled in with atomic

letters in a given alphabet V. Each letter in V' is to be seen as a two-
dimensional atom having its own northern, southern, western and eastern
border. For the beginning we do not consider any typing mechanism, hence
all atoms’ borders are similar, denoted by 1; this border information is
naturally extended to general planar words specifying the number of atoms
laying on that border (rectangle’s dimensions). For a planar word p, we let
n(p), s(p), w(p), and e(p) denote the dimension of its northern, southern,
western, and eastern border, respectively.

The term picture is often used as a substitute for two-dimensional or
planar word, especially in the context of picture languages. Useful surveys
on two-dimensional languages may be found in [20], [15}, or [24].

It is known that the following are equivalent for a planar language L
(called recognizable two-dimensional language):
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1. L is recognized by a on-line tessellation automaton;
2. L is defined by a simple regular expression with intersection and adding
homomorphisms;
3. L is defined by a local lattice language plus homomorphisms (tile sys-
tem),
4. L is defined by an existential monadic second order formula.
The proof of this and many other informations may be found in [16], [15],
[25], etc.4
However, the situation is more complex in this two-dimensional case.
For instance, deterministic, nondeterministic, and alternating (4-way) finite
automata have distinct increasing power, and the class of languages recog-
nized by the last one is incomparable with the above class of recognizable
two-dimensional language; see [22].

2.2.2. Simple regular expressions
We present here a simple extension of classical regular expressions [23, 11]

to cope with planar words.

Simple two-dimensional regular expressions. The signature of simple two-
dimensional regular expressions consists of two collections of usual regular
operators, sharing the additive part. Specifically, it is

*
+a0>'1 ’IaD)T,"

where (+,0,,%, 1) is a usual Kleene signature to be used for the vertical
dimension, while (+,0,>,7, =) is another Kleene signature to be used now

for the horizontal dimension. Notice that, “0”, “|” and “—” are zero-ary
operators (constants), “*” and “!” are unary, while the remaining ones are
binary.

Our default rule is that if no dimension is specified, that the vertical one
is considered. Hence, usually written Kleene operators refer to the vertical
axis: “” is (vertical) composition, “*” is iterated (vertical) composition or
(vertical) star and “|” is (vertical) identity. Similarly, “c” is horizontal
composition, “1” is iterated horizontal composition or horizontal star and
“—" is horizontal identity.

Simple two-dimensional regular expressions over an alphabet V (con-
sisting of two-dimensional letters/atoms) are obtained starting from atoms

* Notice that regular expressions and tile systems do not directly cover the class
of recognizable languages, but reach this using homomorphisms. This may be seen as
an inconvenient of these mechanisms. On the other hand, this problem does not occur
for on-line tessellation automata or for our interactive systems, as they are closed to

homomorphisms.
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and iteratively applying the operations in the described signature. Formally,
E:=a|0|E+E|E-E|E*|||EvE|E"| -

Their set is denoted by 2RegExp(V').

From expressions to planar words. To each expression in 2RegExp(V) one
may associate a language of planar words over V. To this end, we first
describe how composition operations act on planar words and give the
meaning of the identity operators. '

If v,w are planar words, then their horizontal composition is defined
only if e(v) = w(w) and the result v > w is the word obtained putting
together v on the left and w on the right. Their vertical composition is
defined only if s(v) = n(w) and v - w is the word obtained putting v on top
of w.

For each natural number k one may associate two “empty” planar words:
the vertical identity ez having w(ex) = e(ex) = 0 and n(ex) = s(ex) = k and
the horizontal identity Ax with w(\z) = e(Mx) =k and n(Ax) = s(Ax) = 0.

Now, the interpretation

| | : 2RegExp(V) — LangPlanarWords(V)

from expressions to languages of planar words is defined by:
— la| ={a}; |0| = 0; |E + F| = |E| U |F];
— |E-F|={v-w:ve|E|&wel|F|}
— ‘E*I:—‘{'vl'..."vk:kEIN&’l)l,...,’l)kEIE|};
— | ={eoy---r€k>---};
— |EvF|={vbw: ve|E|&weE|F|}
— |ET|={’011>...I>'Ukzk)EIN&’Ul,...,’UkE|E|};
— =] ={ 05+ s ks -}
Before giving some examples, we define a useful flattening operator
mapping languages of planar words to languages of usual, one-dimensional
words.

The flattening operator. 'The flattening operator
b : LangPlanarWords(V) — LangWords(V)

maps sets of planar words to sets of strings representing their topological
sorting. In more details it is defined as follows:

— Each planar word ‘may be considered as an acyclic directed graph
drawing: (1) horizontal edges from each letter to its right neighbor,
if this exists, and (2) vertical edges from each letter to its bottom
neighbor, if this exists.
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— Being acyclic, the starting graph associated to a planar word and all
of its subgraphs have minimal atoms/vertices, i.e., vertices without
incoming arrows.

— The topological sorting procedure selects a minimal vertex, then deletes
it and its outgoing edges and repeats this as long as possible. This way
a sequence (i.e., a usual one-dimensional word) containing the atoms
of the planar word is obtained.

— Varying the minimal vertex selection in the topological sorting proce-
dure in all possible ways one gets a set of words that is the value of
the flattening operator applied to the planar word.

— Finally, to define b on a language L, take the union of b(w), for w € L.

To have an example, let us start with a planar word :‘f’;ﬁ ; there is

only one minimal element a and after its deletion we get e?;g ; now there

are two minimal elements b and e to choose from and suppose we choose

b; what remains is fcg : next, from the minimal elements c and e, we
e1g

choose e and get cd - and so on; finally a usual word, say abecfgdh, is
fgh

obtained. Actually,
b( :‘f-"cg ) = {abcdefgh, abcedfgh, abcefdgh, abcefgdh, abecdfgh,
g abecfdgh, abecfgdh, abefcdgh, abefcgdh, aebcdfgh,

aebcfdgh, aebcfgdh, aebfcdgh, aebfcgdh}
It is one of our main claims that this

flattening operator is responsible for the well-known state-
ezplosion problem which occurs in the verification of con-
current object-oriented systems

And one of our main hopes is that
the lifting of the werification techniques from wusual
words/paths to the planar version may avoid this problem

Convention: we use terminal type letters a, b, ... in planar words;
they should be identified with the corresponding italic version, used else-
where.

Ezamples. 1. The expression (a-d*-g)b (b-e*-h) > (c- f*-14) represents

the language of planar words : 2 . 2 ; . Notice that the same language
de..ef
gh. . hi

may be represented by the expression (abbf >c)- (d>ef b f)* - (gohl>1i).
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2. The language associated to al - bl consists of planar words ig- : : . Its

flattened version b(al - b") = {w € {a,b}*: |wla = |w]s & VYw =w'w":
|w'la > |w'|p} is context-free, but not regular (|w|, denotes the number of
the occurrences of a in w).

The slightly extended expression al - bt - ¢! represents the language of
planar words 283 . Notice that its flattened version is b(al-bf-ct) = {w €

cC..C
{a,b,c}*: |wla = |wlp = |wle & V w=ww":|uws> [, > |w]c}.
This latter language is even not context-free.

3. Notice that (a+b)*' = (a+b)™. This shows that vertical and horizontal
stars may commute, providing simple atoms are involved.

On the other hand, 2% € (a+b>b)t*\ (a+ b b)*T, showing that, in

general, the stars do not commute.

4. Finally, notice that af - b7 # a* b b*, but b(al - bT) = b(a* > b*). This
example shows that the flattening mechanism may loose some information
when passing from planar to usual languages.

2.2.3. Extended regular expressions

More powerful iteration The regular expressions previously described are
simple and natural, but they have a number of shortcomings. For instance,
their generative power is quite limited, comparing with finite interactive
systems. In this subsection we roughly describe a few possible extensions
based on a more powerful iteration mechanism.

A first possibility is to use an alternating horizontal/vertical concate-
nation within the iteration process. The separate vertical and horizontal
iteration operators are not strong enough to represent the languages Lsq
consisting of squares of a’s. But, starting with a and iterating a horizontal
concatenation on the right with a vertical string a* and then a vertical
concatenation on the bottom with a horizontal string a > a one precisely
gets the language of squares of a’s. In other words, L is the least solution
of the equation X = a+ (X >a*)-(a'>a). (This type of iteration is studied
in [27].)

Another example is given by the language Ly, of spiral words

X 2aa 2aaaa
2x1 22aal
bbl 22x11

2bbiil

bbbbl
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A corresponding equation is X = z + (2> al) - (2*> X > 1*) - (b1 > 1). While
in the above example only concatenation at the right and the bottom parts
were used within the iteration process, in the present case concatenation
on all sites were used within the iteration process.

Space-time duality operator Space-time duality operator “ *” maps a pla-
nar word to its symmetric over the main diagonal.

The signature of Kleene algebra with space-time duality is:
(0,,+,0, ')*7 laﬁ)

With space-time duality operator the horizontal operators are defined in
terms of the vertical ones by:

vow = (v*-wt)
’UT — (,Ut*)st

Using a parallel with boolean algebra case, the former regular expres-
sions are somehow similar to lattice expressions, while with this space-time
duality operator they become more similar to boolean expressions.

More constants One may depart from the restriction to have only rectan-
gular planar words by allowing some new constants, i.e., “T7, “L”, “4”,
or “”. Their meaning may be obvious: they allow to initiate atoms from
nothing (“T” and “H”) or to block their continuation (“L” and “4”). One
may be even more flexible and add a two-dimensional identity (crossing)
“+” or even constants ‘77, “ ' “Y or “?”. These latter constants may
be used to switch data from time to space and vice-versa.

2.3. FINITE INTERACTIVE SYSTEMS

A finite interactive system may be seen as a kind of two-dimensional au-
tomaton mixing together a state-transforming machinery with a machinery
used for the interaction of different threads of the first automaton.

While this way of presentation may be somehow useful, it is also mis-
leading.

The first point is that there are not two different automata to be com-
bined, but these two views are melted together to give this new concept of
finite interactive systems.

‘A next critics is on using a term as ‘automaton’ for this device. While
there may be some other interpretations, an automaton is generally con-
sidered as a state-transforming device. A state is a temporal section of a
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running system: it gives the information related to the current values of
the involved variables at a given temporal point. This information is used
to compose the systems, to get more complex behaviours out of simpler
ones. Then, using a term as ‘two-dimensional automaton’ is more or less as
considering automata, but with a more complicate, say two-dimensional,
state structure.

The situation with finite interactive systems is by far different: one
(currently, the vertical) dimension is used to model this state transforma-
tion, but the other dimension is considered to be a behaviour transforming
device. Orthogonal to the previous case of states, a behaviour gives a spatial
section of the running system: it consider information on all the actions a
spatially located agent has made during its evolution. This information is
used at the temporal interfaces by which the agents interact, to get more
complicate intelligent systems out of simpler ones. An agent is considered
as a job-transforming device: given a job-request at its input temporal in-
terface, the agent acts, transforms it, and passes the transformed job-result
at its output temporal interface.

One feature which is implicitly present in this view is that the systems
we are talking about are open: to run such a system one has to give an
appropriate initial state, but also an initial job-request, actually a place
where the starting user interacts with the system. The result of the running
is a pair consisting of a final state of the system and a job-result (or a stream
of messages) the system passes to an output user. |

2.3.1. Finite interactive systems
After the above general considerations let us give a precise definition of
finite interactive systems and explain it on a concrete example.

Finite interactive systems. A finite interactive system is a finite hyper-
graph with two types of vertices and one type of (hyper) edges:
— the first type of vertices is distinguished using a labeling with numbers
(or lower case letters); such a vertex denotes a state (memory of variables);
— the second type of vertices is distinguished using a labeling with capital
letters; such a vertex is considered to be a class (of job requests);
— the actions/transitions are labeled by letters denoting atoms of planar
words and are such that: (1) each transition has two incoming arrows: one
from a class vertex, the other from a state vertex, and (2) each transition
has two outgoing arrows: one to a class vertex, the other to a state vertex.
Some classes/states may be initial (in the graphical representation this
situation is specified by using small incoming arrows) or final (in this case
the double circle representation is used).
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Figure 1. Examples of finite interactive systems
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An example of a finite interactive system is given in Fig. 1(a). This finite
interactive system has four vertices: two classes A and B and two states 1
and 2; moreover, A is an initial class, B is a final class, 1 is an initial state,
and 2 is a final state. It also has three transitions labeled by a, b, and c.

Sometimes it may be more convenient to have a simple non-graphical
representation of an interactive system. One possibility is to represent a fi-
nite interactive system by its transitions and to specify which states /classes
are initial or final. (In this ‘crux’ representation of transitions the incoming
vertices are those placed at north and west, while the outgoing ones are
those from east and south.) For the given example, the finite interactive
system is represented by:

—
[}

1]
——IA a BJ,FA c A], and[B b
2
— A, 1 are initial states/ classes and B, 2 are final.

B] and the information that

-

Mo

Running patterns, accepting criteria. Finite interactive systems may be
used to recognize planar words. The procedure is the following:

(1) Suppose we are given: a finite interactive system S; a planar word
w with m lines and n columns; a horizontal string with initial states b, =
$1...5yn; and a vertical string with initial classes by, = Ci...Cy. Then:

— Insert the states si,...,sn at the northern border of w (from left to
right) and the classes C1, ..., Cn, at the western border of w (from top
to bottom).

— Parse the planar word w selecting minimal® still unprocessed atoms.

— For each such minimal unprocessed atom a, suppose s is the state

inserted at its northern border and C is the class inserted at its western
S

border. Then, choose a transition [C|a|C"] from S (if any), insert the

sl

state ' at the southern border of a and the class C’ at its eastern
border, and consider this atom to be already processed.
— Repeat the above two steps as long as possible.

If finally all the atoms of w were processed, then look at the eastern border
be and the southern border b; of the result. If they contains only final classes
and final states, respectively, then consider this to be a successful running
for w with respect to the border conditions by, by, be, bs.

(2) Given a finite interactive system .S and four regular languages B,
By, Be, and B, for the border conditions, a planar word w is recognized by

5 The notion of minimal atoms we are using here is the one described when the
flattening operator has been introduced.
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S with respect to the border conditions B, By, Be, B, if there exists border
strings b, € By, by € By, be € Be, by € B; and a successful running
for w with respect to the border conditions by, by, be, bs; let us denote by
L(S; By, By, Be, B;) their set.

(3) Finally, a language of planar words L is recognized by S if there are
some regular languages By, By, Be, Bs for the border conditions such that
L = L(S; B,, By, Be, B;).

(4) We simply denote the associated language by L = L(S) when
the border conditions are superfluous, i.e., the border languages are the
corresponding full languages and actually no border condition is imposed.

Ezample. A concrete example may be useful. Let us look at the finite in-
teractive system Sq in Fig. 1(a) and suppose that the border conditions are
irrelevant, i.e., B,, By, Be and B, are the full languages {1}*, {A}*, {B}*
and {2}*, respectively. A running is:

111 111 111

abb 111 111
cab Aa b b AaBb b AaBbBb AaBbBb AaBbBbB
cca 2 . 21 21 211
Ac a b Ac a b Ac a b AcAa b AcAaBbB
2 221
Ac c a Ac c a Ac c a Ac c a AcAcAaB
222
w wo w1 w9 w3 - Wy

The above sequence starts with a planar word w. (1) The word obtaining
bordering w with initial states/classes is wp. (2) At this stage all atoms are
unprocessed, but only one is minimal, i.e., the a in the left-upper corner.

1 1
In S there is only one transition of the type [A|a| | i.e., |A|a|B]| After
2]

its application one gets w;. (3) Now there are two minimal unprocessed
elements: b (position (1,2) in w) and ¢ (position (2,1) in w). Suppose we

=

choose b. Again, there is only one appropriate transition | B|b|B|. After its

—

application one gets ws. (4) Next, the minimal unprocessed elements are b
(position (1,3) in w) and ¢ (position (2,1) in w). Suppose we choose ¢ and

no

the corresponding unique transition [A|c|A] Then we get ws. (5) We can

no

continue and finally an accepting running is obtained, leading to wg.

One may easily see that the recognized language L(S) consists of square
words with a’s on the main diagonal, the top-right half filled in with b’s and
the bottom-left half filled in with c’s.
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Finally, one may look at some border conditions. There is only one
initial/final state/class, hence the border languages are regular languages
over a one letter alphabet. To have an example, if B, = (111)*, B, =
(AAAA)*, B, = B* and B, = (22)*, then L(S; By, Bw, Be, Bs) is the sub-
language of the above L(S) consisting of those squares whose dimension &
is a multiple of 12.

State projection and class projection. Some familiar nondeterministic fi-
nite automata (nfa’s) may be obtained from finite interactive systems ne-
glecting one dimension.

The automaton obtained from a finite interactive system S neglecting
the class transforming part is call the state projection nfa associated to .S
and it is denoted by s(S). In UML this is known as the behaviour/statechart
diagram.

Similarly, the class projection nfa, denoted c(S), is the nfa obtained ne-
glecting the state transforming part of S. UML use a similar class/interaction
diagram name for this view of the system.

The class projection nfa ¢(S) may be used to define macro-step tran-
sitions in the original finite interactive system S. Dually, the state projec-
tion nfa s(S) may be used to define agent behaviours (seen as job class
transformers) in the original finite interactive system.

Let us return to the finite interactive system of Fig. 1(a). Its class pro-
‘jection nfa ¢(S) is given by the transitions A — B, A <3 A, B B

with A initial and B final. The state projection nfa s(S) is defined by
transitions 1 — 2, 2->2, 1 5 1 with 1 initial and 2 final.

This particular finite interactive system has an interesting intersection

property:
L(S) = L(s(5)) N L(c(5))

showing that, in some sense, the interaction between the state and the class
transformations of S is not so strong. °

6 To avoid some confusions, we emphasize here that the usual languages associated
to the projection nfa’s are extended to the planar case. For instance, a planar word w is
in L(s(S)) if every column in w is recognized by s(S) in the usual sense. Similarly for
L(c(S)), but now the lines are taken into account.
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2.3.2. Examples

1. Square words. Let us denote by Ly, the language consisting of square

words of a’s, namely a aa aaa aaaa
aa aaa aaaa

aaa aaaa

aaaa

An example of a finite interactive system recognizing L is Sq illus-
trated in Fig. 1(a), where b and c are to be replaced by a.” Two examples
of running patterns for Sq are shown below (the first one is successful; the
second one is unsuccessful, as the southern border contains an occurrence

of the non-final state 1):

1 1 1 1 1.1 1
AaBaBaB AaBaBaBaB
2 1 1 21 1 1
AaAaBaB AaAaBaBaB
2 21 2 2 1 1
AaAaAaB AaAaAaBaB
2 2 2 2 2 21
2. Exponential function.
Another finite interactive system is Pow, drawn in (a running)
Fig. 1(d). It recognizes the language Ai BiBiE
S S8
1 10 100 A0A1BOB
01 010 A%B%BOB
11 110 s
001 Ag)A(s)A%B
101 Al1BOB1B
011 L spt
AQ0A1B1B
111 s t t
Al1B1B1B
t t t

3. Pascal triangle.
(a running)

The& new }finite irflteractive system P(f in Fig.&(e) rec- A§ 85 A§ B A§ BiA
ognizes the set of words over {0, 1} whose northernand ¢ 8% 8t 8.

western borders have alternating sequences of 0 and 1 s t t s s t
. . . AO0BOB0OB1AOBOB

(starting with 0) and, along the secondary diagonals, AtAtAtAs tBt
it satisfies the recurrence rule of the Pascal triangle, i ﬁ % (t)B? ?B
A0B1A0B0B0BOB

modulo 2 (that is, the value in a cell (%, 5) is the sum
of the values of the cells (i—1, j) and (%, j— 1), modulo
2).

In this case, one can see that the projection automata (on states and
classes, respectively) are reset automata having all states/classes final,

t s t t t t
A1A0BOB0B0OBOB
sttt tt

" The same language is recognized by the finite interactive system Sq2, drawn in the
same figure.
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hence they recognizes the corresponding full languages. Their intersection is
now the full language of two-dimensional words, very far from the language
recognized by Pas. This may be interpreted as a strong interaction between
the state transformation and the class transformation within Pas. It also
shows that the ‘intersection’ property is not generally valid for the full class
of finite interactive systems.

4. Spiral words. The finite interactive system drawn in Fig. 1(c) recognizes

the language of ‘spiral’ words x 2aa 2aaaa
2x1 22aal

bbi 22x11

2bbi1l

bbbb1

2.3.3. Finite interaction system languages

Local Lattice Languages (LLL’s, for short), are specified using a finite set of
finite (rectangular) words that are allowed as sub-words of the recognized
planar words. If one combines this with (letter-to-letter) homomorphisms,
than the power of the mechanism does not change by restricting to 2 x 2
pieces, or even to horizontal and vertical domino-s (ie,1x2and 2x1
pieces). These are also called tile systems.

It is easy to show that (1) one may simulate a LLL by a finite interac-
tive system and (2) the class of languages recognized by finite interactive
systems is closed under letter-to-letter homomorphisms. From this simple
observations it follows that the class of languages recognized by finite in-
teractive systems contains the class of recognizable planar languages. The
converse inclusion is also valid: (1) one may see that the runnings of a finite
interaction system A, completed with a special letter for the blank space,
are locally testable, hence form a LLL; then (2) using an homomorphism
one may abstract from the state/class/blank information around the letters,
to go to L(A), hence L(A) is a recognizable picture language.

To conclude, finite interactive systems give a different representation for
recognizable picture languages, adding more arguments that this class of
two-dimensional languages is a robust one.

From this pleasant but unexpected connection one inherits many results
known for picture languages. One important fact is the undecidability of
the emptiness problem for finite interactive system.8

8 This follows from the known fact that if one restrict himself to the top line of
the pictures in a recognizable picture language, then one gets precisely context-sensitive
(string) languages.
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2.4. COOP PSEUDO-CODE PROGRAMS

The finite interactive system in Fig. 1(a) may be used to describe, in pseudo-
code, an algorithm for solving the 8-queen problem. The problem is to place
queens on a chess table such that no queen may attack another queen. For
convenience, we replace the transition labels from a, b, and c to av (advance
and place queen), r (report on a successful attempt) and ¢ (curry on the
placement information), respectively.

The interpretation is as follows (from this interpretation one also gets
the information regarding the data structures used on the atoms’ borders):”

r: if (w = ok and (n = ok or n = new)),
then (s = ok and e = ok),
otherwise (s = no and e = no);

c: if (n = posy and w =< posi, ..., poSk—1 >),
then (s = pos and e =< posy, ..., PoSk_1, PoSk >);
av: if (w =< posy,...,posy > and (n = ok or n = new)
and free(posi,...,posx) # 0),
then (select pry1 € free(posi,...,posi) and make

s = posky1 and e = ok),
otherwise (s = random and e = no);

Two running patterns are given below

new new new new
<>[av] OK OK OK OK

* OK OK
" <>-<2>E OK OK OK
* <>.<2>.<24>m OK [r]OK

* OK
<><2>.<2,4><2,4,1 >[av]OK

2 4 1 3
and

new new new new
<>[av] OK OK OK OK

" 1 OK OK OK

<><1> OK OK OK
* <>.<1>-<13>m NO .NO
<>.<1>-<13><13?>ENO

¥ Notice that in order to have defined the free predicate, one need to know the chess
table dimension.
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2.5. CLOSING COMMENTS

The concept of finite interactive systems presented here has evolved from
a study of Mixed Network Algebras - see, e.g., [34], [18], [17], [36], or the
final part of the recent book [35]. 1°

Our finite interactive systems may be seen as an extension of existing
models like finite transition systems [1], Petri nets [14], data-flow networks
[5], or asynchronous automata [37], in the sense that a potentially unbound
number of processes may interact. In the mentioned models, while the
number of processes may be unbounded, their interaction is bounded by
the transitions’ breadth. This seems to be a key feature for the ability to
pass from concurrent to concurrent, object-oriented agents.

Our model has some similarities with the tile model studied by Monta-
nari and his Pisa group (see, e.g., [6], [7], or [13]), but the precise relation-
ship still has to be investigated. We also expect that a logic similar to the
spatial logic of [8] may be associated to finite interactive systems and use
for the verification of concurrent, object-oriented systems.
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