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Abstract. We give a calculus for nondeterministic flowchart schemes similar to the calculus of
polynomials. It uses a formal representation of flowchart schemes and a natural equivalence on
these formal representations. The algebraic structure involved is a matrix theory endowed with
an axiomatized repetition.

Introduction

This paper deals with semantics of nondeterministic flowchart algorithms. The
interesting flowchart schemes involve a kind of iteration. Frequently, the behaviours
of such programs are specified by using fixed-point theorems in ordered algebras
(for example in [2, 12, 13]), formal power series [1], or other devices modeling the
behaviour of a program as a limit of its finite approximations (for example, a
categorical colimit, as in [11]). We prefer the viewpoint of Elgot [8], namely to find
the pure algebraic structure of flowchart schemes behaviours. For this, axiomatized
operations (particularly, an axiomatized iteration) have to be used. 7

In a research briefly presented in [18] we have attempted to find calculi for some
types of flowchart schemes that have the calculus of polynomials as a model. In
this second part we shall give such a calculus for nondeterministic flowchart schemes.

The multi-input multi-output flowchart scheme in Fig. 1(a) may be ordered as in
Fig. 1(b), and is represented by

(1L,®x@y) - N,

Figure 2 illustrates the meaning of the symbols “®”, “-”, and “1”. An (abstract)
Sflowchart theory Flx r is a theory of such formal representations of flowchart schemes;
it is based on
- a double indexed set X of variables for atomic flowchart schemes;
- a ‘support theory’ T consisting of a family of sets T(m, n), m,neN, whose
elements are used for connections f (an element f€ T(m, n) is considered to be
a known computation process with m inputs and n outputs; for example, a trivial
one which only redirects the flow of control).
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Fig. 1. The standard form of a flowchart scheme.
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Fig. 2. “@®” denotes separated sum; **-> denotes composition; ““1” denotes feedback.

The type of T agrees with the type of flowchart schemes we want to consider.
For example, if T has only elements for redirecting flow of control, such a correspon-
dence is as shown in Table 1. In our nondeterministic case, the basic support theory
is that of relations.

For a calculus similar to that of polynomials we need to find an algebra struc for
T such that the classes of ‘naturally’ equivalent flowcharts in Flxr form the
coproduct of T and the struc structure freely generated by the double indexed set
X. (Such a ‘coproduct’ is also used for M-construction in [2], namely the coproduct
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Table 1
Elements of T(m, n) Flowchart schemes modeled
by Flx -
functions total, deterministic
surjective functions accessible, total, deterministic
partial functions partial, deterministic
relations nondeterministic

of an w-continuous algebraic theory and one freely generated by a ranked set.) By
‘natural’ we mean the following:

(1) The deterministic case corresponds to the physical world: physical processes
have deterministic evolutions; two processes may be considered equivalent if they
evolve in the same way. This shows that two deterministic flowcharts may be
considered ‘naturally’ equivalent if ‘they have the same set of finite and infinite
computation paths’. (This is Elgot’s strong equivalence; it is generalized to abstract
flowcharts as the deterministic equivalence =4, cf. [19].)

(2) The nondeterministic case corresponds to the living world. Living processes
are based on physical processes, their characteristic feature consisting in the ability
of fixing aims. In view of its aim, a living process can choose between several
variants, or can stop if it feels that it cannot reach its aim and restart trying another
way. Two living processes with the same starting state and the same aim may be
considered equivalent if they reach the aim in the same way. This shows that two
nondeterministic flowcharts may be considered ‘naturally’ equivalent if ‘they have
the same set of successful paths’. (Note that it is an open problem whether our
nondeterministic equivalence =,4 generalizes this—see Section 9.)

In fact, our calculus for nondeterministic flowcharts is based on the hypothesis
that analytic processes for reaching aims (the passing from future to present) obey
the same laws as physical processes (the passing from present to future). To be
more specific, we define the dual flowchart F° (with n inputs and m outputs) of a
flowchart F (with m inputs and n ouputs) as the flowchart obtained by reversing
the arrows of F. The hypothesis is then formulated in the following way.

Hypothesis. Nondeterminism = determinism + dual determinism.

This means that all valid deterministic laws and the corresponding dual laws are
to be considered as valid nondeterministic laws.

Example. Consider the widely accepted fact that (behaviours of) deterministic
flowchart schemes form an algebraic theory—in the sense of Lawvere—i.c., a
category in which each morphism has a unique source-splitting into components
[1,2, 8, 12, 15]. By using the Hypothesis this yields that (behaviours of) nondeter-
ministic flowchart schemes form a category—this notion is selfdual—in which each
morphism has a unique source-splitting into components and a unique target-
splitting into co-components; namely they form a matrix theory, cf. [9, p.395].
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Consequently, if the Hypothesis is accepted, then matrix theories are to be considered
as a basic algebraic structure for (noniterative) nondeterministic flowchart schemes;
this agrees with [1, 15].

In Section 1, applying the Hypothesis to our basic algebra for deterministic
flowchart schemes, namely to strong iteration algebraic theory [18, 19], will yield
our algebra for nondeterministic flowchart schemes, called a repetition theory. (In
a very quaint and exciting way, this algebra is closely related to the regular Kleene
algebra, cf. [ 5]—see Section 8.) Section 2 will give the basic definitions of flowcharts
and in Section 3 we shall define our nondeterministic equivalence =_4 as that
obtained by applying the Hypothesis to the deterministic equivalence in [18, 19].
In Sections 4, 5 and 6 the support theory is supposed to obey a technical condition
(‘with intersection’). The main technical result is the characterization theorem for
=_4 given in Section 4 (and Appendix A); in Section 5 we shall prove that the
classes of = 4-equivalent flowcharts over a repetition theory with intersection form
a repetition theory; and in Section 6 we shall prove a universality property. These
show that, for a wide class of repetition theories (including all repetition theories
of interest Rely), our calculus is similar to the calculus of polynomials. An applica-
tion (Section 7), some connections with related algebraic structures (Section 8), and
some conclusions (Section 9) will conclude the paper.

1. Repetition theories

In this section we shall introduce our algebra for nondeterministic flowchart
schemes. It is obtained by applying the Hypothesis in the Introduction to our
algebra for deterministic flowchart schemes, namely to strong iteration algebraic
theory [18, 19].

First, (cf. Introduction) the Hypothesis applied to an algebraic theory yields a
matrix theory. It is known (cf. [9, Corollary 10.2]) that a matrix theory can
equivalently be presented as a theory of (finite) matrices over a semiring (cf. [14];
a semiring A is a commutative monoid with respect to addition with neutral element
0, a monoid with respect to multiplication with neutral element 1, with multiplication
distributing over addition and such that a- 0=0-a=0 for each a€ A). The free
matrix theory is that of matrices over the set of natural numbers N. An idempotent
matrix theory is a matrix theory over a semiring in which 1+1=1. The free
idempotent matrix theory is that of matrices over the Boolean semiring {0, 1}.

Second, iteration *: T(m, m+ n) — T(m, n) for m, n e Nused in a (strong) iteration
theory T is replaced by a ‘selfdual’ operation *: T(n, n) — T(n, n) for neN, which
intuitively means to repeat nondeterministically the application of a morphism zero
or more times. (A comparison between repetition * and iteration ' will be made in
Section 8.) Some axioms for repetition are listed below (there “+”’ stands for ordinary
addition of matrices). ' '
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(R1) A*=AA*+1,, for Ae T(n, n);
(R2) (A+B)*=(A*B)*A*, for A, Be T(n, n);
(R3) A(BA)*=(AB)*A, for Ae T(m, n) and Be T(n, m);

(R4) if Ap=pB,then A*p=pB* forAe T(m, m), Be T(n,n)
and p an (m X n)-matrix over N.

Some subcases of (R4) are of interest, namely when p is a particular {0, 1}-matrix.
These are listed in Table 2, where p ' denotes the transpose of the matrix p. The
axioms satisfied by iteration in a strong iteration theory can be rewritten in terms
of * as (R1), (R2), (R3), (R4f). (More about this rewriting may be found in Section
8.) By the Hypothesis, the dual axioms of (R1)-(R3), (R4f) also have to be considered
as valid axioms for this nondeterministic case. (R3) is selfdual and, under (R3), the
axioms (R1), (R2) are selfdual, too. The dual of (R4f) is (R4f7!).

Table 2.

Restriction p = function p =surjection  p=bijection p~'=function p~'=surjection:

Notation ' (R4f) - (Rds) (R4b) (R4f™) (Ras™Y)

These lead to our basic algebra (i.e., repetition theory) defined as follows.

Definition 1.1. A prerepetition theory T is a matrix theory in which a repetition
*:T(n,n)— T(n, n) for neN is given. A repetition theory is a prerepetition theory
in which the axioms (R1), (R2), (R3), (R4f), and (R4f™") hold.

Basic example (semantical theories for nondeterministic flowchart schemes, cf.
[18]). Fix a set of memory states, D say, and consider the set Rel (1, 1) consisting
of all relations over D. The theory Relp, of matrices over Relp(1, 1), endowed with
the usual operations (addition = union of relations, multiplication = composition of
relations and A*=1,+ A+ A’+- - - for AcRelp(n, n)), is a repetition theory.

Another example (more general example). Thé theory of matrices over a normal
Kleene algebra (cf. [5, p. 34]) is a repetition theory.

In order to compare this algebra with that used in the first version of this paper
[20] (also in [18]), we prove that, under a ‘divisibility’ condition, (R4) is equivalent
to (R4f) & (R4f™).

A monoid (denoted additive) is said divisible if ¥, a,=Y ; bj implies that there
exist elements denoted a; & b; such that Y, a; & b;=b,; and Y, & b; = a;, where i, j
vary in finite index sets (in fact, this has to be verified only for index sets with two
elements; the other cases follow); equidivisible monoids (cf. [16]) are divisible.
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A semiring is divisible if its additive monoid is divisible. A (pre)repetition theory
is divisible if its supporting semiring is divisible.
In the sequel only the following consequence of divisibility will be used.

Fact 1.2. If A, B are matrices over a divisible semiring S and if o, 7 are {0, 1}-matrices
such that o™, T represent functions and Aot = o1B, then there exists a matrix Z over
S such that Ao =o0Z and Zr = 7B.

Proof. Obviously, A, B are square. Suppose that A=(a;;);je[m] L, B=(b;;)ijern
o ! represents the function f:[p]— [m], and 7 the function g:[p]— [n]. The
equality Aot = o7B says that
Y = Y bgn; forielm],jeln];
seg” () ref (i)
hence, by divisibility, there are elements a; (s) & by ; for re f (i), s€ g~ '(j) such
that

Y @i g5y & by, = Gipsy and T @i g & by, = by, j-
NOW, Z = (af(,)’f(si & bg(r),g(s))r,se[p] fUIﬁIS Ao =07 and Zr=1B. D
Proposition 1.3. In a divisible repetition theory (R4) holds.

Proof. Every matrix over N, p say, has a decomposition p = o7, where o, 7 are
{0, 1}-matrices such that o', 7 represent functions. By Fact 1.2, (R4) follows from

(R4f) and (Raf™. O

A semiring is zerosum-free if a+ b =0 implies a = b = 0 (cf. [14]). A (pre)repetition
theory is zerosum-free if its supporting semiring is zerosum-free.
An easily provable consequence is the following fact.

Fact 1.4. Let S be a zerosum-free semiring, A, B be matrices over S and p be a matrix
over N.

(a) If Ap =0 and p has no rows containing only zeros, then A=0.

(b) If pA=0 and p has no columns containing only zeros, then A=0.

We conclude this section with rewriting two technical results from the deterministic
case [19, Propositions B.1 and B.3]: Consider a particular case of (R3), namely,
(R3i) which is (R3) applied only to A’s of the form [1,, 0,,, I;]. The first result rewrites
the ‘pairing axiom’ and seems to be well known (the oldest reference we have found
is in [5], namely P.J. Cleave, 1961); however, all the proofs known to us (i.e., [5,
Theorem 4, p. 27] and [14, Theorem 4.21]) are given in a stronger context, namely

! Typically, [m] denotes the set {1,..., m}.
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where the star of an (nXn)-matrix is computed by using the formula A*=
1, +A+A+- .
Proposition 1.5. If (R1), (R2), (R3i), and (R4b) hold in a prerepetition theory T, then

P) [A B]*_[A*+A*BWCA* A*B
C DJ WCA* 14

holds in T.

w
], where W =(CA*B+ D)*

Sketch of a direct proof. By using (R3i) and (R1), first prove the formula for B=0,
D =0. Use this and (R4b) for an adequate permutation to prove the formula for
A =0, C=0. Finally, apply (R2) and these to

(& o)-[e oo o)} =

Proposition 1.6. A prerepetition theory T in which (R1), (R2), (R3i), (R4s), and
(R4s™") hold is a repetition theory.

Sketch of a direct proof. By Proposition 1.5, (P) holds in T. By (R4b) the lower-left
corner in [$ £]* equals the upper-right corner in [§ §5]*. By (P), this gives (R3).
By (P), the axioms (R4s), (R4s™") imply (R4) for all p=[g §] such that o or o
is a surjective function. By (R4b) this covers (R4f), (R4f™!). O

2. Flowchart theories

According to the Introduction, a flowchart theory is a certain Flx r with a suitable
choice of a double indexed set X of variables for atomic flowchart schemes and
with a support theory T for connections. Initially, the support theory is a prerepeti-
tion theory, the basic model being the theory of matrices over {0, 1}. Since, in a
matrix theory, every morphism equals the matrix of its components, we may restrict
ourselves to the particular case of X having variables only for flowchart schemes
with one input and one exit. In this case, a generic element in Flx r(m, n) is

F=((1,®x,® - -®x) - N

for fe T(m+ k, n+k). We shall frequently use the following, more compact, rep-
resentation based on f=[& B3], ie.,

n
m[A B] h is the stri
= e e rin v o Xio
e C D ,  Wwihere 1S S gxl K

Here, the A-part gives the visible connections of the flowchart F (external connec-
tions), the D-part gives the nonvisible connections of F (internal connections), the
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B-part gives the input from the exterior into the box representing F, and the C-part
gives the outputs from the box representing F to the exterior. (Note that this
representation has some similarities with Conway’s general linear mechanism, cf.
[5, p.45]. Roughly speaking, the main difference is due to the fact that we use
variables—compare Conway’s semantics A+ BD*C to ours, given in the beginning
of Section 6.)

For example, in this framework, the flowchart from Fig. 1 may be represented as
in Fig. 3, where x; denotes the restriction of the double ranked variable x to its
i-input and j-output. Further, the flowchart for Fig. 3 may be represented as follows:

1 2 3 x} x3 x2 x2 y!yl
11 0 oflo 0 0 0 0 0]
210 0 00 0 1 1 11
xx10 0 oJo o 0 0 0 o
x10 0 010 0 0 0 1 1
x210 0 0l0 0 0 0 0 O
x210 0 0/0 0 0 0 1 1
y1[{0 0 1]/0 0 0 0 0 O
y>[0 0 0]0 0 0 0 1 1

Y Al \ \httintadi it it il 1
| i
{ !
! \
v } , '
| 1 2 '
' xj X % ,
.1 t :
i H * ’
1 ]
! '
I .
] 1
t 1 1 fy
X Yy ¥2 :
1 |
| ‘
l ]
| i
! L

™= - o men o awfecen - - r--- - amm o wn - -
y
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The operations in T can be naturally extended to flowcharts. Sum (or union) is
defined by the formula

n
n n [~
A+A'| B B
A § 1

A| B] m[A |B]
+ME e ¢ | Dol
LeTol elemol™s| & |2 )

Composition (or sequential composition) is defined by the formula

p
n p ’ 4
nlA| 5] a[a | 5] "AA]E ;‘f,ﬂ
LeTe) eteTol= 2|2 )
Repetition is defined by the formula
n n
n[A| B]* n[ A* | A*B ]

elc | D] "elca*| ca*B+D)

Note that the sum can be obtained from separated sum (or parallel composition)

defined as follows:
n n’' m|lA 0B 0
m[A| B] m[A |B] m|o0o A|O0 B
]

p)®elc Dl elfi 0 |D O'J

n n

e|l0 C'|0 D

by using the formula F+ F'=[1,, 1,,J(F® F')[i]. Also note that these definitions
are compatible with those used in the deterministic case (in [18, 19]).

3. Equivalent flowcharts

Here we introduce a natural equivalence relation on flowcharts (denoted =,q4)
and prove that the quotient theory Flx r/=,4 preserves the prerepetition-theory
structure of T.

Our flowchart schemes are protected, i.e., we have access only to their inputs and
‘outputs. Hence, we allow a flowchart to be changed (for example, in order to
minimize its vertex number) as far as its input-output behaviour does not change.
The natural changes used here are: deleting or adding nonaccessible or noncoaccess-
ible parts and folding or unfolding some vertices. _
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For e and €', strings over X, let us denote by Ry (e, e’) the set of all (Je|x
|e’|)-matrices (y;) over N (|e| stands for the length of e) which preserve letters;
that is,

if y;#0, then ¢;=¢;j

where, typically, e; stands for the ith letter of e. (Note that if e or e’ is the empty
string, then Rx (e, e') has exactly one element.) We allow 1, to stand for the identity
(|e| x |e])-matrix. Since the theory of matrices over N is the free matrix theory,
morphisms in Ry may be considered as elements in T; moreover, this embedding
preserves composition.

Definition 3.1 ( Basic relation -»). Two X-flowcharts over T

n n
mA| B , mlA | B
F—e.IC‘D| and F—e'lc"D'I

are in simulation if there exists a y € Rx (e, e’) such that

[A By] _[ A B ]
c Dyl lyc' yp')
in such a case, we write F—, F' (or F> F' when y is of no importance).

In the case of flowcharts over {0, 1}-matrices one may think about F —, F' as
‘via y, every path in F' (going from an input) has a corresponding path in F, and
every reverse path in F (going from an output) has a corresponding reverse path
in F'’ The simulation used in automata theory (Eilenberg’s ‘state-mappings’ [7,
p. 38]) takes into account only the first half of this rewriting. Therefore, one should

read F— F' as ‘via y, F simulates F' and (F')° simulates F rather than ‘F
simulates F’ via y’, but we prefer the shorter name ‘F and F’ are in simulation via

k4

y. .
The simulation and all its particular cases in Table 3 are reflexive and transitive
relations, but (except for =) not symmetrical. The deterministic equivalence =, is
the congruence generated by —; in the first part of this paper we proved that

s i i s
d=_..9.e..__>.@

(cf. [19, Theorem 3.8]); in particular, this shows that —" and —*u—" (i.e., folding +

adding) generate the same congruence. Similarly, the codeterministic equivalence is
- . -1 i-1

the congruence relation generated by f 1<—, or equivalently, by ° «u' <.

Definition 3.2. The nondeterministic equivalent =4 is the equivalence relation gener-
ated by the union of deterministic and codeterministic equivalences.
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Table 3.
Some particular simulation relation (y ™" is the transpose matrix of y).

Notations and name for

Restriction: y is a matrix Notation Name
the inverse relation

over {0, 1} representing

y = function — deterministic
simulation
s s
y = surjective function — folding «——=unfolding
i i
y =injective function e adding «—=deleting
f_.l f_| - - - -
y~ ' =function — «——= codeterministic simulation
51 . st .
y~! = surjective function — counfolding «— = cofolding
it . it .
y ! =injective function — codeleting <« = coadding
y = bijective function =~ isomorphism

To be more specific, we note that F =_4 F' iff there exist F,, F,, ... such that

f f £t ! f !

F Fl F2 F3 F4 D F,.

By the above observation =, 4 also should be defined as the equivalence generated
by

Examples. In order to have some intuitive understanding of what =_4 means, we
give generic examples for its basic generators —°, —', ¥« and e,
(i) For folding, note that

A|B, B
| BB s [A|B,+Bz]

e C Dll DIZ - >
el C |Dy Dy [1] ¢ | ! "

iff Dy, + Dy, = D,,+ D,,; generally, F —° F’ means that F' can be obtained from F
by identifying vertices which have the same label and whose output connections
(i.e., whose corresponding rows in the matrix of F) are equal, after identification.

(ii) For adding, note that

A B _ A ' B, 0
[ C {Dl ] l e,| Ci |Dn 0 >
é ' " [le‘] e;] C, | Dy Dy

0

generally, F —' F’ means that F’ can be obtained from F by adding nonaccessible

vertices.
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(iii) For cofolding, note that

eré‘l | DBn lle—I = [ - ! : :|I
1, +C, | D,+D
e[C2 D21 DzzJ [1,_,] ¢ LCI ? " .

iff D,,+ D,, = D,,+ D,,; generally, F "'« F’ means that F’ can be obtained from
F by identifying vertices which have the same label and whose input connections
(i.e., whose corresponding columns in the matrix of F) are equal, after identification.
(iv) For coadding, note that
[A]| B B |

[A]lB]_ ™

<« C, | Dy Dy |

el'.cl | Dll.' [lel] Zl[ 0] 011 DuJ,
2 22

0

generally, F "« F’ means that F' can be obtained from F by adding noncoaccess-

ible vertices.
(v) Exercise: use Fig. 1 and the ‘decodification’

Al B A B\,
e| C I D |_’<(1@x‘®' ' '®x")'[c D])T

where e =x, ... x, in order to obtain graphical representations of the simulations

in (i)-(iv).

An easy computation shows that all the simulation relations are compatible with
sum, composition and repetition (in the sense expressed by the following lemma).

Lemma 3.3. Suppose that F, 2 F} and F, 2 F}, for arbitrary *, Befos —f T e

-1
—7 « etc}; denote

y' = and z'= .
01, 0 =z

Then the following relations hold, whenever the operations make sense:
() F,+F,&Fi+F2F+F};
(ii) F,- K, $ Fi- FEF; Fy;
(iii) F¥$ Fi*

Proposition 3.4. The equivalence relation =,.4 is compatible with sum, composition

and repetition.
Proof. The proof directly follows from Lemma 3.3. [J
This proposition shows that +, -, and * are well defined in Flx 1/=n4-

Theorem 3.5. If T is a prerepetition theory, then Fly r/=.q4 is a prerepetition theory.
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Indirect proof. Since =_ 4 contains =4 and T is a para-iteration theory, by [19,
Theorem 3.11], Flx r/=,4 is an algebraic theory. This and the dual result prove the
theorem. [

Sketch of a direct proof. In Flx (1, 1) the sum is associative with neutral element
0 and the composition is associative with neutral element 1; moreover, F+ F'=
F'+F F-(F+F)—"'F-F+F-F,(F+F)-F*F -F+F -F, F-0-"0
and 0 - F'«<— 0. Hence Flx (1, 1)/=,4is a semiring. Denote by x; the (1 X n)-matrix
(8:x)k, Where 8;; = ““if i = k then 1 else 0”. Further, denote by y; the (n x 1)-matrix
(8x.:)x- An (m X n)-matrix over Flx r(1,1) may be defined as

(E'j)i,jz Z > y;anxJn
ie[m] je[n]

Since

571 s i i
(x7"- F-y})y«—-——F and x{"-(F;); - yi «— —F;,

Flx r(m,n)/=,, is isomorphic with the set of all (mXxn)-matrices over
FlX,T(l, 1)/End- Since
(F‘ij)i,j+(F$j)i,jz(Ej-*_F;j)i,j

and

s s~
(Fy)i;- (F,"k €< —> (Z F;- F],'k)
J ik
sum and composition in Fly /=4 are ordinary matrix addition and multipli-
cation. [

On the other hand, we define ~-equivalence as the equivalence relation generated
by —. We conclude this section by pointing to a case in which ~== .

Lemma 3.6. If T is zerosum-free and divisible, then

s i

Proof. Suppose that F' — , F”. Using isomorphic representations for F’, F" we may
suppose

I_AIBI’ B3-| FAle B4-|
F'= el[Cl Dy Dy |, F'=e,)| C, | Dy, Dy,
e;| C; | Dy, Ds; ey Cy | Dy Dyy

and y=[¢ o] for a matrix ze Ry (e,, e,) without rows or columns containing only
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zeros. The simulation says that

A Bz 0 A B, B,
C, Dyz 0 0 0 0

Consequently, B,=0 and C;=0; moreover, by applying Fact 1.4 to zD,,=0 and
D;,z=0, we obtain D,,=0, D;; =0. Take

a % P %
ey C] D]] € CZ D22
1

z'=[6‘], and z'=[1,, 0J;

it follows that

Fe s F — S p ' p

z' z z"

Let z = z,z, be a decomposition where z;' € Rx(e™, e;), z,€ Rx(e™, e,) are {0, 1}-
matrices representing surjective functions (obviously, there is one!). Since D;;z=
zD,,, by Fact 1.2, there is a matrix Z such that D,,z, = z,Z and Zz, = z,D,,. Take

_ [A | Ba]
e~|.22C2| VA J’

F-

it then follows that
F—sF —SF. 0O

EN z;

Corollary 3.7. If T is zerosum-free and divisible, then ~ = = _4.

4. A characterization theorem for the flowchart equivalence

In this section a characterization theorem for the nondeterministic equivalence
will be given, namely

nondeterministic equivalence
= (deleting - unfolding - codeleting - counfolding)
- (codeleting - counfolding - deleting - unfolding)_l.

Roughly speaking, this shows that two flowcharts are nondeterministically equivalent
iff, except for nonaccessible and noncoaccessible parts, they can be refined by
unfolding the counfolding to the same flowchart. (Note that the situation is com-
pletely different from the deterministic case: two flowcharts are deterministically
equivalent iff by folding and deleting they can be reduced to the same flowchart.)
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Technically, the support theory T is supposed to be a prerepetition theory with
intersection, namely a zerosum-free and ‘uniform’ divisible prerepetition theory; by
‘uniform divisible’ we mean that an operation &: T(1,1) x T(1,1) — T(1, 1) is given
which fulfils the following axioms:

(As) x&(y&z)=(x&y)&z;

(C) x&y=y&x;

D) (x+y)&z=(x&z)+(y&z);

(A) (x+y)&x=x
The component-wise extension of “&” to arbitrary T(m, n) is also denoted by &.
(Clearly, uniform divisibility implies divisibility. Question: can every divisible
monoid be made uniform divisible?)

Table 4. Isx-y<y-x?

i s it st s i st it
y
X
deleting
— A-yes | N—yes D—yes E-—yes O—yes P—yes Q—no R—yes
unfolding
— B—yes C—yes | F—no G—no S—yes O—yes T—no Q—rno
codeleting
i_l
— D—yes E—yes A—yes| N—yes Q—mno R—yes O—yes P—yes
counfolding
S—l
— F—no G—no B—yes C—yes| T—no Q—no S—yes O—yes
folding
— H—yes I—yes J—yes K—yes C—yes | N—yes G—no  E—yes
adding
— L—yes H—yes M—yes J—yes B—yes A—yes | F—no D-—yes
cofolding
s*l
— J—yes K—yes H—yes I—yes G—no E—yes C—yes | N—yes
coadding
i~l
- M-—yes J—yes L—yes H—yes F—no D—yes B—yes A-—yes

(1) By an occurrence of a letter, Z say, in front of an answer, we mean that this answer directly
follows from Lemma Z of Appendix A, by duality (i.e., interchange deleting-—codeleting and so on) or

inversion (i.e., x- y< y- x implies y ™' - x e x™'-y7h).
(2) Only the facts in the lower-left triangle (i.e., Lemmas A-M) will be used in the proof of Theorem

4.1.

Example. For an arbitrary set D the repetition theory Rel, is naturally with intersec-
tion (the intersection of relations stands for &).

Theorem 4.1 (characterization theorem for the flowchart equivalence). If T is a
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prerepetition theory with intersection, then, in Flyx r the following equalities hold:

i s i -1
nd: o . . . . . € . et > e,

For a proof of Theorem 4.1, beside the simple commutations pointed out in Table
4, we will need the following facts.

Lemma Fe

(d/i) e—  —>c

Lemma Ge

s~!

(d/i) — —>c

The proofs of the Lemmas Fe, Ge and A-M (for Table 4) will be given in
Appendix A.

Proof of Theorem 4.1 assuming Lemmas A-M, Fe, Ge. By Lemma 3.6, we have to
prove only the first equality. The correctness of the answers in the lower-left half
of Table 4 directly follows from the Lemmas A-M. Let p be the relation

i s i

We know that
F=_4F iff A3neN with Fp" F".

The proof will be concluded if we can prove that p is transitive, i.e., the relations
pric, pie pot po pot p- ol p- e and p- "'« are included in
p. All the inclusions, except for p- ‘<, p-*« and p - —°, directly follow from (the
reflexivity of ‘<, ..., <« and) the facts in the lower-left half of Table 4. In the
excepted cases we can use Lemmas Fe, Ge to correct the negative answers of F, G
in Table 4; these lemmas give the needed commutations, but add supplementary
terms; since, by Lemmas A-M in Table 4, these supplementary terms can be deleting,

in the excepted cases, the inclusions also hold. [l

We conclude this section with an example showing that minimal flowcharts
with respect to the nondeterministic equivalence need not be unique (up to an
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isomorphism). Clearly,

0l10 N
F=x]|0{11 <———x = F'.
x|1100

On the other hand, F and F’ are minimal, but nonisomorphic flowcharts.

5. Flx y/=.4 preserves the repetition-theory structure of T

In this section we shall show that under the condition ‘with intersection’, the
axioms for repetition imply themselves for flowcharts.

By Proposition 1.3, (R4) holds in T and, by Corollary 3.7, =.4 = ~. We shall
prove that (R1)-(R4) hold in Flx -/ ~. The axioms (R1)-(R3) are directly extensible
to flowcharts. For the last axiom which, in fact, is a rule ‘if Ap ~pB, then...” we
need to know when two flowcharts are ~-equivalent. The partial answer given by
Theorem 4.1 says that ~ = «<— - — - < and under this condition we can prove that
(R4) implies itself for flowcharts.

Theorem 5.1. If T is a repetition theory satisfying (R4) and T, X are such that in Flx 1
~ = «—-—> - <, then Flx 1/~ is a repetition theory that satisfies (R4).

Proof. By Theorem 3.5, only the axioms of repetition remain to be proved. We shall
verify them in the simpler, equivalent form given by Proposition 1.6.
For (R1), note that the flowchart 1+ F- F* is
[1+AA* | B AA*B ]
e| CA* D CA*B |
CA* 0 D+ CA*B

Now, by using (R1) in T we have 1+ F- F* —_ F* for y =[]<], hence the flowcharts
F*and 1+ F- F* are ~-equivalent. Consequently, (R1) implies itself for flowcharts.
For (R2),set Y=(A+A')* and Z=(A*A')*A*. By (R1) and (R2) in T, we have
Y=Z=A*+A*A'Z The flowchart (F+ F)* is
Y| VB YB'
e[ CcY l D+CYB CYB J

elC'Y{ C'YB D+C'YB

and (F*F')*F* is

[ z | ZB ZB' ZB
e {CA*A’Z | D+ CA*B+ CA*A'ZB CA*B'+ CA*A'ZB' CA*A'ZB
e| c'z C'ZB D'+ C'ZB’ C'ZB

e CA* 0 0 D+ CA*B
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Now, (F+ F')*—, (F*F')*F*, for

hence these flowcharts are ~-equivalent. Consequently, under (R1), the axiom (R2)
implies itself for flowcharts.

For (R3i), take for F a scalar flowchart [*+—] (more exactly, only the cases
a=[1,, 0,,] are necessary). The flowcharts F(F'F)* and (FF')*F are

[ a(A'a)* | a(A'a)*B’ -|
e'l C'a(Aa)* | D'+C'a(A’a)*B']

and

l— (aA)*a | (aA)*aB' ]
e'l C(aA)*a | D'+ C(aA)*aB]

Hence, F(F'F)* = (FF')*F. Consequently, (R3i) implies itself for flowcharts.

For the last axiom (R4) we have to show that Fp ~ pF’ implies F*p ~ pF'*. Using
the hypothesis that ~ = «— - — - <, we may suppose that the equivalence Fp ~ pF’
is given by the following chain of simulations

Fp <——F,—b>F§<—pF’.
This means that
[Ap B]_[A1 Bla] [Al B,b]:[A{ B;] and
aCp aD C, D,al’ LC, Db bC} bD;
l:A; B{]__[pA' pB'c] ()
cC, D] LC Decl *

Particularly, this gives Ap = pA’; hence, by (R4) in T, A*p = pA"*. The above chain
of simulations between Fp and pF’ can be translated into a chain of simulations
between F*p and pF'*, namely

F*p < Fip — pF3* < pF"™,

F A | B, i F A | B'c
= an = .
? ellaC l D,' *eilcy | D

A routine computation based on (a) shows that these are simulations, indeed. [

where

Using Theorem 4.1 we obtain the following corollary.

Corollary 5.2. For every set D and X, the classes of =,4-equivalent X-flowcharts over
Rel, form a repetition theory.
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6. The main result

Here we are in a position to state the main theorem which implies that, (in all
interesting cases, i.e., Relp), our calculus for nondeterministic flowcharts is similar
to the calculus of polynomials; more exactly, the classes of =, 4-equivalent X-
flowcharts over a repititibn theory with intersection T form the repetition theory
freely generated by adding the double indexed set X to T. Before this proof, we
define the interpretation of flowcharts in arbitrary repetition theories.

As it was seen in the Introduction, a flowchart

n

m| A|B
F=
e[C ,,D:l’

where e=x,...x.€ X* and f=[& Ble T(m+k, n+k), represents the scheme
(1,.9x,® - - ®x) - N~

For its meaning in a (pre)repetition theory Q, we have to endow Q with the parallel
composition @ given by I®J = [¢ 91, and with the k-right feedback 1% given by
[f IM*=I+JL*K, for L a (kX k)-matrix. Consequently, suppose we have an
interpretation of the variables in the (pre)repetition theory Q given by a function
¢x : X - Q(1, 1) and an interpretation of the morphisms of Q by a (pre)repetition-
theory morphism @1 : T~ Q (that is, a family of functions ¢,, ,: T(m, n) — Q(m, n)
which preserve the distinguished morphisms 0, 1, the matrix-building and the
operations “-”, “+”, “*); then we define the interpretation ¢* :Flx r — Q as

(@)  @*(F)=er(A)+or(B)ex(e)or(D))*ox(e)er(C),

where
Al B _
erFHc 51 and ex(e)=ex(x)®- - Dex(x),

for e=x,...x (x;€ X). The right-hand side expression shows what can be known
at the outside of the machine that implements the algorithm F, after zero (i.e.,
or(A)), one (i.e., or(B)ex(e)er(C)), or more repetitions.

Theorem 6.1. For a repetition theory T, the theory Flxr/=.4 has the following
universality property: there exists a function Iy : X — Flx r/=,4(1, 1) and a prerepeti-
tion-theory morphism I'y: T —Flx r/=,4 such that, for every repetition theory Q, for
every function ¢x : X — Q(1, 1) and every repetition-theory morphism o1 : T > Q, there
exists a unique prerepetition-theory morphism ¢”:Flx r/=,4— Q such that Ir¢" = ¢r
and Ix¢" = ¢x.

T_—')FIXT/ nd<_——X

N4

é
Q
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Proof. Consider the following embeddings of T and X in Flx r:

A 011
T(A)= and Ii(x)= )
x{11]0

The necessary embeddings in Flx r/=,4 are I+ =1%-pr and Ix = I - pr, where
pr:Fly r — Fl X,f/ =4 is the canonical projection. By using the formula (o) above,
the interpretation (¢x, ¢7) extends itself for flowcharts, ie., ¢*:Flxr— Q;
moreover, below, for the sake of simplicity, we shall drop the writing of ¢r, ¢x and
use the following typical notation: a stands for ¢r(A), b for ¢r(B), ¢ for
¢x(e)er(C), and d for ¢x(e)er(D).

The first problem is to show that this extension is also good for Flx /=, i.e.,
all = 4-equivalent flowcharts have the same interpretation. In fact, it is enough to
prove this for a simulation, i.e., for y or y~' a function:

if F— F', then ¢*(F)=¢*(F).
y

For this, by definition, the simulation F —, F’ says that A=A’, By = B, C=yC',
" and Dy = yD'. Since, for the sorted relation y € Rx (e, e'), we have ¢ x(e)y = ypx(e'),
the equality Dy = yD’ gives dy = ¢x(e) Dy = ¢ x(e)yD"= ypx(e') D' = yd'. By apply-
ing the axiom (R4f) or (R4f~") in Q, this yields d*y = yd'*. Now, it easily follows
that
e*(F)=a+bd*c=a'+b'd*c'=¢*(F').
Clearly, the function ¢ " :Flx r/ = .4~ Q, induced by 0¥, extends ¢ and ¢y, i.e.,
Ii¢" = ¢r and Ixp" = ¢x.

The second problem is to show that the function ¢~ is a prerepetition-theory
morphism. For this, we have to show that ¢ * preserves the distinguished morphisms
0, 1, the matrix-building, and the aforementioned operations; this will be done by

_using the formula for the star of matrices given in Proposition 1.5. Since T contains
all {0, 1}-matrices and these are preserved by o1 = ¢ *| 1, we obtain that ¢ * preserves
all {0, 1}-matrices. Moreover, since every matrix can be obtained by the composition
of a diagonal matrix with two {0, 1}-matrices while preserving composition, it is
enough to prove that ¢* preserves diagonal-matrix building, namely the parallel
tion @. This is easily shown as follows:

N ~_la o b o dol|* |cO
¢ (F(BF)‘[O a']+[0 b'] [0 d'] [0 c']
[q+bd*c 0 ]

0 a'+bde
=" (F)® ™ (F).

Now, the preservation of choice “+” follows using the equality

A+B=[1 1](A@B)[:].
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Composition is also preserved since

o*(F- F')=aa'+[b ab']: [d Cb,]* . [ca,’:l

0 d c
d* d*cb'd'* !
=aa’+[b ab'}- [ 0 Cd, ] : [CZ,]

=(a+bd*c) - (a’+b'd'*c")=¢*(F)- ¢*(F').
Repetition is preserved since, by (R2), (R3), (R1), and again (R2) we have
o*(F*)=a*+a*b- (d+ca*b)*ca* = a*+a*bd*(ca*bd*)* ca*
= a*(1+ bd*ca*(bd*ca*)*) = a*(bd*ca*)* = (a + bd*c)*
=@*(F)*.

The third problem is to show that the extension ¢~ is the unique prerepetition-
theory morphism such that I;¢” = ¢ and Ix¢” = @x. It is enough to note that every
flowchart F has an equivalent representation as

F'= It (A)+ I+ (B)(Ix(e) Ir(D))*Ix(e) I+ (C).

0
rio= [ o= s and
ron©= [,

the flowchart F’ is

Since

A| B B
el 0 | D D\
elC10 0

Now, it is easy to see that F' —, ,;F; hence F =4 F’" indeed. [

We can now state the main result given by Theorem 4.1, Theorem 5.1 and Theorem
6.1. Note that all the above results can easily be extended to arbitrary double ranked
sets X (we have restricted ourselves to the case X(m, n) =@ for m# 1 or n #1 only
to avoid some complications in writing).

As usual with partial structures, T will be called a partial repetition theory if
the repetition-theory operations are partially defined in T. A morphism of partial
repetition theories must preserve definedness and the operations. We say that the
repetition theory T¢ is the free repetition-theory completion of the partial repetition
theory T if there exists a partial repetition-theory morphism I: T — T¢ such that,
for every repetition theory T’ and every partial repetition-theory morphism ¢ : T> T,
there exists a unique repetition-theory morphism ¢°: T°- T” such that ¢ =1I- ¢°.
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By the partial repetition theory obtained by adding the double ranked set X to the
repetition theory T we mean the partial repetition theory given by the family of
disjoint unions {T(m, n)|I1X(m, n)},,, and having the operations defined on ele-
ments in T only and in accordance with the corresponding operations in T.

Main Theorem 6.2. (i) If T is a repetition theory with intersection, then the theory
Flx 1/ =4 Of the classes of =,4-equivalent X-flowcharts over T is a repetition theory.

(ii) If Flx r/=nq is a repetition theory, then this is even the free repetition-theory
completion of the partial repetition theory obtained by adding the double ranked set X
to the repetition theory T.

Corollary 6.3. For every set D and double ranked set X the theory Flx ge1, /=4 is the
free repetition-theory completion of the partial repetition theory obtained by adding X
to RelD.

Corollary 6.4. The classes of nondeterministically equivalent X-flowcharts over the
theory of {0, 1}-matrices form the repetition theory freely generated by the double
ranked set X in the category of repetition theories obeying 1* =1.

It remains an open problem, of theoretical interest, to decide whether the condition
‘with intersection’ in our Main Theorem 6.2 can be eliminated.

7. An application

Consider the following ADA-like program:

P ::integer n;

begin
{IN) select
n:=1; go to OUT;
or
n:=1; go to 2;
end select;
€2) x;
select
when not 6 divide n = n:=n+1; go to OUT;
or

when n#0=>n:=n+1; go to 2;



(&Y

(4)

end.
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or
when n=0=>n'=1; go to 3;
or
when n=0=n:=1; go to 4,
end select;
X5
select .
when not 3 divide n=>n:=n+1; go to OUT;
or
when 2 divide n=>n:=n+1; go to 4;
end select;
x5
select
when not 2 divide n =>n=n+1; go to OUT;
or
n=n+1; go to 3,
or
when not 2 divide n=>n'=n+1; go to 4;
end select;

Here, x is a variable procedure.

This program can be represented by the following flowchart over Rely:

)
-

a

% o=® =

b

e
g

a 0 0]
c d d
0 0 f
0 h g

where the involved relations are

a={(k 1)|keN},

b={(k, k+1)| ke N\6N},

¢ ={(k, k+1)|keN\{0}}, d ={(0, 1)},
e={(k, k+1)|keN\3N}, f={(k, k+1)|ke2N},
g ={(k, k+1)| ke N\2N}, h={(k k+1)|keN}.

Note that b=eu g, h=fu g=cud. Hence,

329
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Consequently, the given program is nondeterministically equivalent to the following
one:

Q::integer n;
begin
{IN) select
n:=1; go to OUT;
or
n=1; go to 2,
end select;
2y x;
select
when not 6 divide n=n:=n+1; go to OUT;
or

n=n+1; go to 2;
end select;
end.

When x is interpreted as a relation p < NXN the relation denoted by Q is
a v a(ph)*pb (cf. Section 6). Some evaluations for P can now be computed and
are shown in Table 5.

Table 5.
x the associated relation the relation computed by P
n=2xn-1 {(k2k-1)keN} {(n,2%)|n, keN}
n=n-1 {(k+1, k) keN} {(n,1)|neN} (e, a)
null {(k, k)| keN} {(n,k+1)|neN, keN\6N}uU a

8. Repetition theories, strong iteration theories and regular algebras

In this section we shall give some connections between our algebra for determinis-
tic flowchart schemes (i.e., strong iteration theories cf. [18,19]), our algebra for
nondeterministic flowchart schemes (i.e., repetition theories, cf. Section 1), Kleene
algebras (cf. [5, p. 34]) and Salomaa’s axiomatization of the algebra of regular
events (cf. [5,17]).

A strong iteration theory is an iteration theory (defined by Bloom, Elgot and
Wright [3] and axiomatized by Esik [see 10]) which obeys the functorial dagger
implication (I4) below.

A particular axiomatization of iteration is:

(10) ffg=(f(1.®g))" for fe T(m,m+n),ge T(n,p);
(1) =111 for fe T(m, m+ n);
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1) (1, 1001, ) =" for fe T(m, m+m+n);
(I3) g(f(g@1,) =(gN’ for fe T(m, n+p), ge T(n, m);

(14) if f(p®1,)=pg, then f'=pg" for fe T(m, m+p),
ge T(n,n+p) and a function

p:[m]->[n].

Here (,) denotes (binary) tupling.
Let T be a matrix theory, St be the set of all *-operations on T and It be the set

of all *-operations on T, satisfying the parameter axiom (I0). Consider the mappings
a:St— It and b: It — St, defined as follows:

1P =[f 1.]" for fe T(m m);
[f g1°**®=[f]*g for [f gle T(m, m+n) (such that [f]e T(m, m)).

Using a routine computation we can prove that

(1) the pair q, b gives an one-to-one correspondence between St and It;

(2) via this correspondence, the axioms (I1)-(I4) are rewritten in terms of * as
(R1), (R2), (R3), (R4f) respectively; this means that ' fulfils (I1) in T iff * fulfils
(R1) in T, and so on. (The fact that each axiom of iteration alone is equivalent to
the corresponding axiom of repetition was made clear by Cazanescu.)

In a very pleasant, but quaint way repetition theories are strongly connected with
regular Kleene algebras, cf. [5, p. 34]. (Recently, Klop has given me this work, but,
unfortunately, I couldn’t find the exact relation, yet.) More precisely, repetition
theories obeying 1* =1 are classical Kleene algebras, i.e., all classical laws (C1)-
(C14) (cf. [5, p.25]) hold in such a repetition theory ((C1)-(C12) are common
axioms; (C13) is equivalent with 1*=1; and, for (C14), note that, under (R4f), the
conditions (C14, n*) in [5, p. 111] hold; hence, (C14) follows by [5, Theorem 3,
p. 111]). On the other hand, all theories of matrices over normal Kleene algebras
are repetition theories in which 1* =1 holds. Perhaps, repetition theories obeying
1*=1 and regular Kleene algebras are the same (this seems to be related to a
conjecture of Conway, see [5, p. 103]).

Salomaa’s rule “if X =AX+B and A+1# A then X = A*B” is stronger than
our rule (R4). More exactly, “if Ap=pB and A+1# A, then A*p = pB*” follows
by applying Salomaa’s rule to pB*=p(BB*+1)= ApB*+ p. Otherwise, note that
Salomaa’s rule is similar to the condition used by Elgot in iterative algebraic theories
in [8] (i.e., the recursive equation x = f(x, 1) has a unique solution for ideal morph-
isms) and our strong iteration theories extend these theories.

9. Conclusions

We have a partial abstract type (cf. [4]) for the nondeterministic flowchart
algorithms, i.e., a repetition theory. Both syntactic and semantic models have this
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type. The given calculus is similar to that of polynomials, namely it naturally puts
together known and unknown computation processes.

However, some important problems are still open. The first one is to decide if
our syntactical nondeterministic equivalence =, 4 generalizes ‘having the same set
of successful computation paths’. (More exactly, consider the interpretation of
X-flowcharts over {0, 1}-matrices induced by ¢x(x)={(w, wx)|we X*} in Relyx.
We conjecture that F =4 F' iff ¢*(F)=¢*(F").)

Another open question is the technical one pointed out in Section 6: can the
condition ‘with intersection’ be eliminated (or weakened)?

The last open question was pointed out in Section 8: find the exact relation
between repetition theories and regular algebras.

Also, it would be interesting to compare our transformation system to the transfor-
mation systems in the beautiful paper of Courcelle [6].

Appendix A

Here we give the proofs of Lemmas Fe, Ge in Section 4, and of Lemmas A-M

needed for the answers in the lower-left half of Table 4. The lemmas will be ordered
in the lexicographical order.
" The support theory T is supposed to be a prerepetition theory with intersection. In
fact, the zerosum-free condition is used for Lemmas B, Fe, H, J and the divisibility
condition for Lemmas I and K. We only have a proof for Lemma Ge when T is
uniform divisible. The other lemmas hold for arbitrary prerepetition theories.

Convention. Fix an (arbitrary) infinite flowchart

[~ 7]

A| By-- B~
e, | C;| Dy Dy -

e Ck Dkl...Dkk...

We say that a flowchart F is the standard flowchart givenby e=e; ... e, (i\,...,1i,
distinct indices) if F is the ‘subflowchart’ of F* uniquely determined by e; for
instance, e,es gives the standard flowchart

[A]| B, Bs]
ez[ G, | Dy, Dsz,
es| Cs | Ds, Dss

and so on.

Lemma A. R
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s i i s
Lemma B, « - «C «+ «,

Proof. Supposethat F' .« F i~ F". Using isomorphic representations of F', F, F”,
without loss of generality (briefly, w.l.o.g.), we may suppose that

(i) these flowcharts are the standard flowcharts given by e’ = e;e,, e =e,e, and |
ve"_= €1,

(i) y'=[} ;?3], where y,:e; — e; is a surjective function, and y"=[1, 0].
The second simulation gives B, =0, D,,=0; hence, by the first simulation, we have

A . B3 B4 A Blyl O
1 Cs y1D33 3Dy | = Cy, Dpyy, 0}

Since y, is a surjective function, by Fact 1.4, y,D;,=0 implies D;,=0. Now, take
for F' the standard flowchart given by e’ =e; and set z'=[1,, 0]; it follows that

F’<—II—F'<—S—F”. |

z Y1

S S S S S
Lemma C. <« =« =«

it i i i

Lemma D. . c

Proof. Suppose that F'—'.' Fi.«< F".W.l.o.g., we may suppose that these flowcharts
are the standard flowcharts given by e’ = e, e.e;, e = e,e, and e"=¢;;

1, 0
y=]101,
0

and y"=[1,, 0]. The two simulations give C3=0, D;;=0, D;;=0, respectively
B,=0, D,,=0. Take for F' the standard flowchart given by e’ = e,e; and for z’, z"
the relations

I:le‘ 0 O] respectivel [le‘]'
0 01,] TP o
it follows that F' L« F' L' F". 0O

it s s i1

Lemma E. . <

Proof. Suppose that F '—->iy71 F 5.« F". W.lo.g., we may suppose that
(i) these flowcharts are the standard flowcharts given by e¢’'=ee;, e=¢, and
e"=es;
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(i) y'= [(1;1]. The first simulation gives C, =0, D,, =0 and the second one gives

[ A B ]_[A B3y"]
y"C, y"Dy, C; Ds3y” .

Set
[A|B B ]
F'= e} G5 | D33 y"Dy,
el 0 0 D,

and take for z', z" the relations

[y” O] respectivel [133]_
O 1e2 b ] p y O ?

it follows that F' 3. F* = F". O

-1 i i s71

Lemma F. — - Z

Proof. The flowcharts

“xlo|a+b] —xl a Jan “xlo]a

x|O]|b a+b

fulfil F ’—>EI'1] Fp 0}<—— F”. On the other hand, there is no F'# F” such that
F - F"; thus, fora# a+b,
(F', F") ¢« —>. [

5'—1 i i S_‘1 i

Lemma Fe. . c . . ;

it it s i

(d/i): e

Proof. Suppose that F ’——>jTl F j/« F". W.Lo.g., we may suppose that
(i) these flowcharts are the standard flowcharts given by e’ = esege;, € = e;e,e5¢,
and e"= e, e,;
(ii) eq is the intersection of the images by y'~! of e,e, and ese,, i.c.,
y210 0 0
y'={0 y,ys 0},
O 0 0 Ya

where y;':e,— e and y3':e;— ¢4 are surjective functions; and the relation y” is

[181 000]
0 1,00]
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The second simulation shows that B;, B,, D,; and D,, are zero matrices, and the

first one shows that

A Bsy, Besy, Bgy; By, A B, B, 00
Cs Dssy, Dsgy, Ds¢y;s Dsyy, — y1Ci y1Dyy 2Dy, 0 0

Since y;, y, are total relations, using Fact 1.4 we obtain that B;=0, B,=0, D=0
and Ds,=0; applying one more time Fact 1.4 (y, is a surjective relation) we obtain
D,,=0. Take for F°, F~ the standard flowcharts given by e’ = es respectively by
e =e, and, for z, z, the relations [1., 0 0] respectively [1., 0]; it follows that
F, i F- s” F— 14\ FII.
z’ 1 z"

The second part directly follows from the first one by duality and inversion. [

s—1 s s s

Lemma G. . Z

Proof. Clearly, for y'=[1 1],

10
" , [ 0 |c+d-|
y'=110]| and F—xLa+b| ik

01
|—0|cdc+d—|

0| c+dc+d
F=x{aICO co ] x990 0
xial00 O
xlbl o 0 x|bloo o

we have F' —>‘°;71 F ;< F". Since, for ¢ and d fulfilling ¢ # c+d # d and ¢ # d, there
is no F'# F” such that F* —° F”, it follows that (F', F") &« - -0

-1 s s s71 s

in

Lemma Ge.
(d/l) s™ ) S < s™ s s
Proof. Suppose that F'—3." F i< F", where:
(i) F', F, F" are the standard flowcharts whose vertices are respectively indexed
by ie[n]; (i, j) for ie[n], je[n]; and (i, j, k) for ie[n], je[n;] and ke[n,;];
(ii) with respect to these indices y'={(i, (i,j))} and y"={((3, j, k), (i, j))}.
The second simulation shows that

() A=A" B y=2 B{.r; Cijy=Clijix, forall k;
r

Dy jy,s.0 =2 Diijsosm, for all k.
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The first simulation shows that
(B) A=A B.= B, forallt
Ci :Z C(i,j); Dfm =Z D(i,j),(s,t) for all ¢
] f]

We shall construct a flowchart F~ such that F'*«-—° F~ and F~—° F". As
indices for F~ we shall take all the sequences

((i’jOa kO), (i, 19 kl)s Py (ia n;, kn,-)>, Where kjoz kO;

(the label associated with such an index is, for example, the ith letter of e’); the
connections in F~ are given by

A =A;

B (s to, 0 (5,5t = Blsry &+ & Blsnr, 33

C i josko i1 ks Cimiskin ) = C i josk

D\ o ko) (11 ey idin D500 0D (5,510 )

= D jo, ko) (s,10m0) & (Z Di'i,j,kj),(s,x,rl)) &--- &( ) Df’i,f,kﬂ,(s,n»rns))'

j=1 j=1
First, we have the simulation F~ —3. F”, where the surjection z" is
Z":<(iaj0’ kO): (la la kl)’ .- '>H(i’j0’ kO)'

Indeed, using (a), (B) and the axioms (C), (D), and (A) for intersection we obtain

A =AY
L Bsuroistn.
on z"—l(s,to,ro)
= Z BZIS,l,rl) & o & Bilss":arn )
Fiseenslng with r,0=i‘0 $

=B & & B & & By
=B & & Bl & & B
= Bls.t.r0)-
On z"7'(i, jo, ko) (i-e., for any k,, ..., k, with k, =k,), we have
C oo (i1 k) = Cllijosko)

) D (i, jo, ko). (i1 Ky )3 (5. t0ar0) (51,

on z"_l(s,to,ro)

" « o
= ) D jo.ko)(s.10m0) & (_Z D(,i,j,kj),(s,l,rl)) &

Fipeeestng With 1 =ro j=1
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= Dé’i,fo,ko),(s,to,ro) & ( Z Z Déli,j,kj),(s,l,rl)) & - & (

Jj=1n

337

) D(’i,j,k,-),(s,ro,ro)> &---

j=1

= D jo.ko) (5,100 & Diisy &+ -+ & (_Z Dfi,j,kj),(s.ro,ro)> &- -

Jj=1

R a2
= D jo, ko). (s,t0,70)"

Second, there exists a flowchart, F* say, such that F* —>§_1 F~ for the surjection
z~! given by

27V (i, jo, ko), (i, 1, ky), .. )= ((, 1, ky), . . ).

In order to find F' we note that we can prove that z generates a simulation for F~
Indeed, on z({(s, 1, r;), .. .)) (i.e., for any (s, t,, ro) €{(s, 1, r,),...}) we have

B&S,to,fo),(&l,"l),---) = BEIS,I,H) &---& gsﬂ's,’ns) (=Constant)

= B(s1,n),05

)

D (i jo ko) (01,034 (5, 0,70 (5,171,
on z({(i,1,kp),...))

— I/
= 2 D jo ko) (s, t0,r0) & ( > Df'i,f,k,»%(s,l,rl)) &: -
(ijorko)e {(i1,ky),..) ;

j=1

= (_Zl D('i,j,lc_»,(s,to,ro)) & ( 2 DE'i,j,kj),<s,1,rl)) &: -
Jj=

Jj=1

= ( Y, D(’i,j,k,),(m,r,)) & - -+ (=constant)
j=1
= D1,k 2.1

Moreover, we have to take A== A~ and

Cllitky,y = >

- —_ n
C oo (it k) =2 Clijin) -
(ijo.ko)e{(i,1,ky),...} Jj

Lastly, let us observe that F’ < F" for the surjection z' given by

z':{(i, 1, ky), ... )~

Indeed, A'= A",

Z BZ(s,l,r,),...)= Z Bf's,l,r.) &:- -
Flseeestn

on z' " !(s)

= B(s,l) & & B(s,ns) = By;
CZ(i,l,kl),...)"—'Z C(’i,j,k,-) IZ C(i,j) = C] for all ki,..., kni;
J J
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. _ "
Y Dt = (Z > D('i,j,kj)xs,l,r,)) &:---

on 2z () rnJ

= (Z D(i,j),(s,1)> & =D& - & Dy
j

= Déi,s) fOl‘ al] kl, ceey kn,-'

The second part directly follows from the first part by duality and inversion. [

i i s

S
Lemma H. > -« < «-—,

Proof. Suppose that F'—}. F ,}<— F". W.l.o.g., we may suppose that

(i) these flowcharts are the standard flowcharts given by e’ = e;e,, e = e,e,, and
e'=ey;

) y'=[% yoz], where y,:e;— e, and y"=[1, 0]. The second simulation gives
B, =0, D,,=0. Hence, the first one says that

A By, By, A B 0
C; Dssy, Dysy, |=| »iCy y»iDyy 0 |

Fact 1.4 applied to B,y, =0, D;,y, =0 for the total relation y, yields B,=0, D;,=0.
For F° take the standard flowchart given by e" = e; and set z'=[1,, 0]; it follows
that F' j« F*—} F". O

s S S S
Lemmal. - -« cC <« -—,

Proof. Suppose that F'—}, F .« F”", where

(i) F', F, F" are the standard flowcharts whose vertices are respectively indexed
by (i,j) for ie[n], je[n!]; ie[n]; and (i, k) for ie[n], ke[n]];

(i) y':(i,j) —iand y":(i, k)i
The first simulation says that

(a) A= A’; Br =Z Bf,’s); Ci = CZi,j)’ for all ],
D;,=} D{ s forallj

The second simulation gives similar equalities, (B) say.
We shall construct a flowchart F* such that F’'*«< F*—° F”. As indices for F",
we take all the pairs ((4, j), (i, k)) (and with such an index we associate the ith letter

of e). The connections of F" are given by
A'=A; B{(r.5),r» = Blrs) & B(yn);

. . . Ty "
Cuinn=Cis  Dipirnirs)inm = Dijins) & Dio,ro-
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By using the equalities from (a) and (B), it easily follows that
F' < F"S> F"
z’ z"

for the surjections z':((i, j), (i, k))—(i,j) and z":((i,j), (i, k))—> (i, k). O

Lemma J. *,. c

Lemma K. " <

Proof. The proof of this lemma is similar to the second part of the proof of Lemma
36. O

i i i

i
Lemma L. —» - <& « - —,

Proof. Suppose that F'—i. F y'(— F". W.l.o.g., we may suppose that
(i) these flowcharts are the standard flowcharts given by e'=e,e,, e = e,e,e;¢e,
and e"=e,ey;

(i) u_[lel 00 0] q ”__[1q 000
Y7 lo 1,00/ * 7Tlooo1l

Particularly, the first simulation says that B,=0 and D,,=0, and the second
one says that B,=0 and D,;,=0. Take for F" the standard flowchart given by
e; and, for z',z", the relations [1, O] respectively [1. 0]; it follows that
F }«<F —>LF. 0O

i i

Lemma M. . c

Proof. The proof is similar to the proof of Lemma L. [J
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